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ABSTRACT

In this thesis time dependent and time independent perturbation theory is discussed.This
is one of the approximate method using in Quantum Mechanics to solve the problem
of small disturbed system.Then using first order time independent perturbation theory
relativistic correction for energy is calculated.The perturbation method is most easily un-
derstood through a simple algebraic equation.The simple algebraic equation n is solved
using approximate method.Two graphs are drawn by varying different parameter in the

algebraic equation.
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Chapter 1

INTRODUCTION

Perturbation theory is the study of the effects of small disturbances. If the effects
are small, the disturbances or perturbations are said to be regular; otherwise, they are
said to be singular.In quantum mechanics, perturbation theory is a set of approxima-
tion schemes directly related to mathematical perturbation for describing a complicated
quantum system in terms of a simpler one. The idea is to start with a simple system for
which a mathematical solution is known, and add an additional ”perturbing” Hamilto-
nian representing a weak disturbance to the system. If the disturbance is not too large,
the various physical quantities associated with the perturbed system (e.g. its energy lev-
els and eigenstates) can be calculated. Using perturbation theory, we can use the known
solutions of these simple Hamiltonians to generate solutions for a range of more compli-
cated systems. For example, by adding a perturbative electric potential to the quantum
mechanical model of the hydrogen atom, we can calculate the tiny shifts in the spectral

lines of hydrogen caused by the presence of an electric field (the Stark effect).

In Quantum mechanics the effects of external disturbance on a system could be obtained
theoretically by solving Schrdinger equation. In most cases, the resulting equation is, too
complex to be solved exactly. Assuming that a small change in the Hamiltonian produces
a correspondingly small change in the wave function. And successive approximations
are made using perturbation theory to get an approximate solution for the Schrdinger
equation of the perturbed system.In the last section we are correcting the energy term

by using relativistic method.][1]



Chapter 2

TIME INDEPENDENT
PERTURBATION THEORY

2.1 General Formalism
Suppose we have solved the (time-independent) Schrodinger equation for some potential
(say, the one-dimensional infinite square well):

H%, = By, (2.1)

obtaining a complete set of orthonormal eigenfunctions, °

<¢2|¢9n> = Onm (2.2)

and the corresponding eigenvaluesE Now we perturb the potential slightly. We’d

like to solve for the new eigenfunctions and eigenvalues:

Hi, = Eyy, (23)

but unless we are very lucky, we're unlikely to be able to solve the Schrodinger
equation exactly, for this more complicated potential. Perturbation theory is a systematic
procedure for obtaining approximate solutions to the perturbed problem by building on

the known exact solutions to the unperturbed case. The new Hamiltonian transform as



the sum of two terms,

H=H"+\H (2.4)

where H' indicate perturbation and the super script 0 always identifies the unperturbed
quantity.If we take A is small number:later we will crank it upto 1,and H will be the true
Hamiltonian.

We can write v,, and E,, as power series in A
Y =10 + Ay + NP2+ (2.5)

E,=E’+\E} + N°E2 + ... (2.6)

Here E! is the first-order correction to the nth eigenvalue, and ! is the first-order
correction to the n' eigenfunction; E? and 1?2 are the second-order corrections, and so

on. Substitute the above power series expansion in new Hamiltonian,
(HO 4+ XH )[04+ Mpt + X202 + ] = (EC+ AE L+ N2E2 + ) [0+ Mt + X\ 202 ] (2.7)

collecting same powers of A,

HOYS + NHL + H'¢0) + N(H? + H ) + ...

= Entbn + ME, + Eyy) + N (Eptn + Enby, + Eqibn) + ... (2.8)
the lowest order implies
Hoy) = Epiy) (2.9)
To first order
HY)\ + H'g)) = B + Byl (2.10)
to second order
H? + H'y) = ES2 + EMy + Eay (2.11)

and so on.[1]



2.2 First order Theory

2.2.1 First Order Energies

Taking the inner product of the equation first order A(multiplying by (12)* and inte-
grating)
(Wl H %p) + (UnlH'0) = Ep(vnlin) + By(enlen) (2.12)

Here H° is Hermitian,
(UnlH %) = (HPpltby) = (Enibp ) = Ep(plibn) (2.13)
and the above cancels with first term on the right side of the equation. We have
(Ynltn) =1 (2.14)

E) = (W0 H [2) (2.15)

This equation is the most fundamental equation in Quantum Mechanics and it has many
practical applications.
It says that the first order correction to the energy is the expectation value of the per-

turbation in unperturbed states.[2]

2.2.2 First Order Wave function

Here unperturbed wave function forms complete set, so 1! can be expressed as linear

combination of them.

Uh =Y ey, (2.16)

m#n
To find the first order correction to the wave function we first rewrite the equation in the

form

(H® = Ep)gn = —(H — E )¢y (2.17)

There is no need to include m # n in the sum, because 1} satisfies the above equation;
s0 (¥} +a?) for any constant we can subtract ¢0 term.Here our aim is to determine the
coefficients cJ,,.

So putting ¢! in the first order correction of wave function

> (B = E)enty, = —(H = Ep, (2.18)

m#n



Take inner product with 1)

> (B, — ENci (Wl 1h) = =W H [¢)) + E) @7 |vh) (2.19)

m#n

suppose | = n the left side is zero, so

(B — B = —uf|H [4)) (2.20)
o (O H U
Cn = <E0‘_ on ) (2.21)
Which implies
| (ol H'105)
Un= “Fo _po ¥m (2.22)
m7£n n m

As long as the system is non-degenerate the equation holds good.But if two different
unperturbed states share same energy, in that case we need to degenerate perturbation

theory.

We should remember that perturbation theory often yields surprisingly accurate ener-

gies , the wave functions are weak.[2]

2.3 Second Order Theory

2.3.1 Second Order correction in energy

Proceeding like above, take the inner product of the second order equation with t?

(Wl HOYR) + (Wl H g = Ep(Uolen) + En(nlvn) + Enlunlun) — (223)
Then we get
(WnlH ™) = (HOUpW75) = Ep(dnlin) (2.24)
So the first terms on the left and right cancel. And we know that wave function is
normalised
(Unln) =1
By = (UnlH |4y — By (001 (2:25)



and

(Wolvn) = > D @llgn) =0

m#n

Here we exclude m # n because we are considering non-degenerate case

= (WOH [by) =Y S (i H [y9,)

m#n

(U H 1) (ol 5
2

2 _
b = EO — EO

n
m#n

P LA

0
n E0—Eo Um

m#n

2.3.2 Second Order Correction to Wave function

1?2 can be write in terms of unperturbed wave functions,
va = by
k

substitute in 2.12 and multiply by (¢?|

I

Zamwl [H'[45,) +Zbk Wy [H )
= B2(0100) + ElamZ WPlm) + EO 2 betul i)

consider

D an (W [H |5, + Y = Eja+ by

b(E) — B = Bray =Y an (0| H'|[¢0,

m

b — B, > G (V71 H'[95))
"TE)—ED EY — EY

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)



=" (@(%%1:1 ' ngiﬁ;? gi@ N (¢2|ﬁi gg%@g?)if o) (2.37)
The energy and wave function corrected to second order in the perturbation is
E, = Ep + (Y5 H [¢p) + Z ¢O|H ‘g;é)) (2.38)
Un =00+ Y amthh + > bt (2.39)
m .

In Quantum mechanics as in Classical mechanics exactly solvable problems are rare and
one most frequently resort to approximation.Approximations are therefore expected to
play an important role.So various methods of approximation solutions of the wave equa-
tion has been derived.Of these methods the first and in many respect the most interesting
is perturbation theory.The above discussed is non-degenerate perturbation theory.We can

apply perturbation on degenerate case also.[4]

2.4 Perturbation Theory for degenerate states

If the unperturbed states are degenerate, two or more distinct state share the same

energy.In that case ordinary perturbation theory will not work.

Suppose Y andi) are degenerate states then there is a chance to become the denom-

inator zero in non-degenerate case equation.

Consider two fold degeneracy

H™y = E™), (2.40)
H™y) = B (241)
Suppose the states are normalised
(Calp) =0



The linear combination of these two states can be written as

V0 = avy + By

and we have

HOI/JO — EOwO

(2.42)

(2.43)

Perturbation breaks the unperturbed energy into two.When we turn of the perturbation

the upper state coming back to one linear combination of 12 and 1) and lower reduces

to some orthogonal linear combination.

We want to solve the schrodinger equation

Hy = B

H=H+ \H

and

E=E°+ \E'+ \NE?+ ...

=0+ At N2

(H° + MH) (1 = 9° + Mpt + X242,

= (E=E "+ AE"+ NE? + ..) () = ¢° + Mp' + A22..)

HOY® 4+ HON' + HON2? + NH 0 + N2 H ' + .
_ EO’(/)O +E0>\’QZ)1 +)\2E0¢2 + )\'QZ)OEl +)\2E1’¢)1 +)\2E2’¢0
Collecting the terms \2
HO@ZJI +H’¢0 _ EO@/JI +E1¢O

Taking the inner product with (12)

WO H W) + (WIH [4°) = E*(Wl|w') + E"(42]y°)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)



Because H is hermitian first terms on left and right cancel out
(WO H'[0%) = EY(42]4°) (2.49)

a2 H |[W0) + BWLIH gy = aE (YIIH [¢2) + BIIH [v) (2.50)

And we can write it in the following form
AW + BWap = aE? (2.51)
Taking the inner product with ()]
(ol HWY) + (WRIH [0y = B (Uple") + B (eply°) (2.52)
Because H? is Hermitian first term on left and right cancels out
(o H' 1% = E"(Wglv’) (2.53)
And proceed as before
a(UpIH [a) + BUGIH |¢5) = a8 (¢5lva) + BE'(U)15) (2.54)

We can write above equation in the following manner

OéWba + 5Wbb = BEI (255)
From equation 2.63
El - aa
W, = A = Wa (2.56)
g

Multiply this equation 2.67

aWasWia + BWa Wy, = BE W, (2.57)
aFE' — aW,, aBE' — oWy,

aWap Wi + 5Wbb(T> = 5E1(T) (2.58)
aAWaWoa + aE" Wiy, — aWo Wiy, = a( BY)? — aE' W, (2.59)
(W Wia + E'Wyy — WooaWyy — (EN2 + E'W,,) = 0 (2.60)
A(WapWha + E'Wyp) — (E' — Woo)(E' — W) = 0 (2.61)
(WasWia + E'Wyy) — (B' — Woo)(E' — Wiy) =0 (2.62)
(E')? = B'(Waa + W) + (WaaWep = War Wha) (2.63)



It is a quadratic equation,hence

(Waa + Wbb) + \/(Waa + VVbb)2 - 4(I/VaaI/Vbb - WabWba>

E' = 2.64
5 (2.64)
El _ (Waa + Wbb) + \/WaQa + Wb2b + 2WaaWbb - 4WaaWbb + 4V[/vabV[/vba
2
1 1 2 2
B = S[(Waa + Wiy) & VW2, 4+ WE = 2Waa Wy + AW Wi
1
E' = S [(Waa + Wip) £ v/ (Waa = Wip)? + [4Was|?] (2.65)
We know that
W = Wi, (2.66)
And we will end up with the below equation
1
El = 5[(Waa + Wip) £ v/ (Waa — Wip)2 + [4W4|2] (2.67)
If
a=1
B=0
EY =W, = (WO1H [¢2) (2.68)
EY =Wy, = (9| H [49) (2.69)

The above result is same what we obtained with non-degenerate case

In the above discussed case we express the states with the linear combination of ap-
propriate states.It helped us to find the energy correction more easily.If there is correct

choice of linear combination we can apply non-degenerate theory also.[2]

10



2.4.1 Theorem

Let A’ be the Hermitian Operator that commutates with H° and H'. If Y0 and 1)) are

(degenerate eigenfunctions of H°) are also eigenfunctions of A with different eigenvalues.

Ay = (2.70)
Ay = vy (2.71)
w# v (2.72)

Then W, =0

Hence 99 and 1)) are best states to use in Perturbation Theory.Proof is given below

[A,H]=0
(WOI[A, H |jbg) = 0 (2.73)
(WO AH ¢)) — (WO H Ayj) = 0 (2.74)
(A H )y — (W2 H vy = 0 (2.75)
p(OH [0 — v(WS| H [yg) =0 (2.76)
(b —v) (W2 H [¥5) =0 (2.77)
(1 =v)Wa =0 (2.78)

But (1 # v) so W, = 0 [4]

2.5 Higher Order Degeneracy

Previous section we used two fold degeneracy,

Weaa Wab a) o «
Wy Wy ) \B 5}

Here E! are the eigenvalues of W matrix.In the case of 'n’ fold degeneracy we find

eigenvalues for 'n’ square matrix.!
01 77 1,,0
VVU’ = W% |H |¢]>

11



Chapter 3

TIME DEPENDENT
PERTURBATION THEORY

3.1 Introduction

Until now we worked with the potential that independent of time
Vir,t)=V(r)

In such cases we can solve the Schrodinger equation by

W
Hy = i -

It may solve by separation of variables
ﬂ)

?/1(73 t) = 1/1(7")6( "

Here ¢ (r) obey time independent schrodinger equation Hvy = Ev

the time dependence factor is expressed by the exponential term,which can be eliminate

using suitable [1|?.If we want to know the quantum jumps,transition from one state to

other we need to introduce time dependent potential.In the given Hamiltonian time inde-

pendent part play small role compared to time dependent part.Hence it can be considered

as perturbation.Here we are developing time dependent perturbation theory. The impor-

tance of time dependent perturbation theory is it allow us to understand the interaction

12



of radiation with matter.[1]

3.2 Two Level System

We start with two unperturbed system v, and 1. There is an unperturbed Hamiltonian

H° 1), and 9 are eigen states of the Hamiltonian.

Hod}a - a,lvba (32)

HO%y, = Eyiby, (3.3)
If the states are orthonormal

(althp) = Gap (3.4)

So any state can be expressed as linear combination of these states.

P(t) = caa + oty (3.5)

In time dependent perturbation each component have characteristic exponential form.

—1Ebt

Y(t) = cobae 7 o ote T (3.6)

|cZ|?represent probability of the particle to occupy in 1,. similarly |cZ|? represent

probability to occupy in state 1,.By applying normalization condition we get

217 + |G| =

3.3 The Perturbed System

Here we are introducing perturbation H'(t).Then also .1, and 13, can be expressed as

linear combinations.But ¢,(t) and ¢(t) transformed to function of time.

—iEyt

D(t) = ca(t)Pae™ F co(t) e ™ (3.7)

Our ultimate aim is to find the ¢, and ¢,.Assume that initially particle is in the state
e (ca(0) = 1,6,(0) = 0).later it on ¢,(t1) = 0,¢(t1) = 1 ,that mean particle undergo

quantum transition from ), to 1

13



The schrodinger equation for this case is given by

Hy = zhg—i}
Where
H=H"+H (t)
Ca[HOPale ™™ + co[HOWJe 7" + calH thale™ 7 + e[ H ple 7
h|Cathoe 7 +Cb¢b6 = + o hE Je e + cpihp( ;Eb)eh]
ol H tha)e ™" +cb[H ple T
=ik |Caae T+ Cpbye et

Take the inner product with 1,

bt
= ithc,e™

Caal H |$a)e”

Here we define a shorthand notation

" o (Wa H [thp)e ™

HZ/j = <¢Z|Hl|w]>

—iEqgt

Multiply through out by (%)
we will get

1
.a = -z Haa H
C 3 + ¢

Similarly take the inner product with

71(Ea Eb)t]

t —iEpt

/ —iFq / —iEy
Ca(Vp| H |thg)e™ 7 (Up|H |thpye ™7 = ihcpe &

SO _
Cp = _ﬁ ey Hyy + callyze
The diagonal elements vanishes,Hence
1 ’ ;
o _ —iwpt
Co = — hchabe
and .
1 ’ ;
S — _ —iwopt
Cp = — hcaHbae

14

—iEqt

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)



We define

3.4 Time Dependent Perturbation Theory

In the starting particles in lower state
Oty =1 (0) =0 (3.17)

If it free from disturbance of Perturbation it stay in same state.

3.4.1 Zeroth Order

Om =1 P =0 (3.18)

3.4.2 First Order

To get first order approximation substitute the above values in equation 3.16

(1)
dCa, (t) _ 0 . C((ll) _ 1
dt
dCb ) I iw
E = —ElCaHbae ot
1 1 ¢ ’ ’ Loy
=t /0 H, (£ )e= ot gt (3.19)

3.4.3 second Order

2 1
A2 (1) = (1)

dC(Q) T oot 1 t ’ ’ it 14!
C - _H e wot(—_ H, (t)e ™" dt
= e ) [ e
1 t ! / ; ! t/ ! 1" ; " "
D(t)y=1- = H,,(t)e 0! / H,, (t e ™ dt (3.20)
0 0

15



To get the(n + 1) approximation we substituting (n)" in the equation. We proceed the

same technique for higher order approximation.|2][4][8]

16



Chapter 4

RELATIVISTIC CORRECTION

The Hamiltonian for a free particle is given by

1 2
H=T=-m?=2"
2m
The momentum p can be replaced by operator
h
p— -V
1
T — _h_Q 2
2m
the relativistic equation for Kinetic Energy
T M2
-3

(4.1)

(4.2)

Here the first term represent total energy and second term represent rest mass energy.

suppose momentum is given by

p:

so we can write it in the form

L mPRE il - %)

p202 +m?ct =

17



T = \/p2c® + m2c* — mc? (4.3)

T =me[/1+ (%)2 1 (4.4)

This can be expressed by power series expansion

T:mc2{ 1+(£)2—1]
mc
1 1
T =mc* |1 —(£)2 — —(i)4
2 mc 8 mc
2 4
p p
T =mc® + -— 4.5
me +2m+8m302+ (45)
So perturbed Hamiltonian is given by
4
! p
H =———— 4.6

Apply First order time dependent Perturbation Theory

/ 1
B =—5 52 (Wlp'y) (4.7)
/ 1
b, = —W<P2¢’p2¢> (4.8)

In the case Schrodinger equation acquires the form

P2 =2m(E — V) (4.9)
, 1
Er = _chg <(EV)2>
/ 1 e? 1 e? 1
E =—5— lEﬁ + 2Enm <;> + (47T60)2 <T—2>} (4.10)

The expectation values are given by

Bt o € 1 +( ¢ ol (4.11)
T 2me2 | “dmegn?a  dmey” (I + 3)nda? '

18



From the Bohr Formula
B degmh?

me?

/ E? 4dn
D n R 4.12
" 2mc? {(l + %) 3] (4.12)

a

Finally we end up with

It is clear from the result that relativistic correction is smaller than the energy of the
state. [2]

19



Chapter 5

THE PERTURBATION METHOD
EXPLAINED WITH AN
ALGEBRAIC EQUATION

5.1 Perturbation Method on Algebraic Equation

The objective of this section is to study, learn and introduce the perturbation method
with the support of simple algebraic equation.Perturbation methods find approximate
solutions to problems by taking advantage of a small parameter that appears in the initial
problem.Consider the small parameter here is €. The value of € ranges from 0 < ¢ << 1.The

perturbation method is most easily understood through a simple algebraic equation.
P +er—1=0 (5.1)

The main assumption of perturbation theory is € should be small. The primary way to

obtain an approximate solution is take € = 0 ie,
22 =1

The leading order root is
r ==l

First order Solution
First order solution is given by leading order root with some additional term.The im-

portant thing is the extra added term is very small compared to the original roots. The

20



second solution approximation is given by
x=1+6(z) (5.2)
Substitute the above equation in 4.1 get
(1+8(x)(14+6(x)) +e(l+d(x)—1=0

14 6(x) +6(x) +6(x)* +e+e(l1+6(x)) —1=0

Here §(z)? and €d(z) produce extremely small contribution hence we can eliminate it

from the equation.Finally we end up with the result

éz)=—= (5.3)
Substitution of d(z) back into 4.2 is

r=1-— (5.4)
The second order solution approximation is assumed to be

€
x = 1—54—5(37) (5.5)

Substitute the above equation in 4.1 so

(L= 5 +B)(1 = 5+ Bla) +e(1— 5 +Bla) =1 =0

L= 54 Bla) = 5+ (5)° = 58@) + Bla) = 58() + B’ + e~ 5 +eBla) ~1=0

Similarly 3(x)? and € are small.So we finally reach a solution in the form

Bz) =~ (5.6)

SO
€ €
=1—-=-4+—= 5.7
x 5+ 3 (5.7)

From here it is clear that each correction term is smaller than the preceding term.

21



5.2 Exact Solution of Algebraic Equation

The equation 4.1 is a quadratic equation.Hence the roots are given by

Tr =

—e+ ez +4

2

And we can calculate percentage of error also.

5.3 Data Analysis

(5.8)

¢ || Exact root | First order term | Second order term | Third order term
0 1 1 1 0
0.000001 1 1 1 0
0.00001 || 0.999995 0.999995 0.999995 0
0.0001 0.99995 0.99995 0.99995 (1.11)104
0.001 0.9995 0.9995 0.9995 (7.84)10"
0.01 || 0.995012 0.9995 0.999013 (7.85)10°
0.1 || 0.951249 0.95 0.95125 (8.2)10°
1 0.61803 0.5 0.625 0.625

Table 5.1: Fig (4.1)Perturbation and algebraic solution for the equation

Note that for any given value of € the accuracy of the perturbation approximation

increases with the amount of corrections that were determined. The exact, 2nd term and

€ || Percentage error 2nd term | Percentage error 2nd term
0 0 0
0.000001 (—1.3)10~11 0
0.00001 (—1.3)107° 0
0.0001 (—1.3)1077 (1.11)107
0.001 (—1.3)107° (7.89)10713
0.01 -0.00126 (7.85)107°
0.1 -0.13132 (8.2)107°
1 -19.0983 1.12724

Table 5.2: Fig (4.2)Percentage error forthe algebraic solution for the equation
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3rd term approximations are nearly indistinguishable at this magnification. Perturbations
approximations, unlike a typical series expansion, do not necessarily always become more
precise as additional terms are added to the approximation. Perturbation solutions are
developed in powers of € (in the limit as goes to zero), whereas series solutions are
developed in powers of . This distinction leads to differences in solution convergence.
Engineers and scientists should be wary that distinct limitations exist with the accuracy

that can be achieved with perturbation approximations.|[5]

One of the major limitations of the perturbation method is that as the value of ap-
proaches a number on the order of 1 or larger; the accuracy of the perturbation approxima-
tion rapidly decreases.In this case we varied different parameter in the algebraic equation

and found the numerical results. Two graphs are drawn according to the numerical value.

In Quantum mechanics the effects of external disturbance on a system could be obtained
theoretically by solving Schrdinger equation. In most cases, the resulting equation is, too
complex to be solved exactly. Assuming that a small change in the Hamiltonian produces
a correspondingly small change in the wave function. And successive approximations are
made using perturbation theory to get an approximate solution for the Schrdinger equa-
tion of the perturbed system.Here we took an algebraic equation and solved it explicitly
by simple approximation method.It is the easy way to understand perturbation theory

analytically. [5[7]
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FUTURE PLAN

Most problems in Quantum Mechanics cannot solve exactly.To solve general problems
one must use approximation methods.The purpose of this project is to find approximate
solution for the problem which cannot be solve common analytical method.Perturbation
theory will then be applied to a linear ordinary differential equation boundary layer
problem. The boundary layer problem demonstrates the technique required to match
inner and outer solutions as well as the technique used to develop a composite solution.It
can be used to find static and non oscillatory problem.The unforced Duffing and the Van
Der Pol equations and the Poincare-Lindstedt and Multiple Scales methods will be study

in next semester.
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