NEUTRINO OSCILLATIONS AND A SPIN ONE HALF
FERMIONIC FIELD WITH MASS DIMENSION ONE

PROJECT REPORT

submitted in partial fulfillment of the requirement for the degree of
MASTER OF SCIENCE
in
PHYSICS

by
DIVYAA SHREE R
Roll No. : 176PH012

DEPARTMENT OF PHYSICS
NATIONAL INSTITUTE OF TECHNOLOGY
KARNATAKA (NITK),
SURATHKAL, MANGALORE.

MAY 2019



NEUTRINO OSCILLATIONS AND A SPIN ONE HALF
FERMIONIC FIELD WITH MASS DIMENSION ONE

PROJECT REPORT

submitted in partial fulfillment of the requirement for the degree of
MASTER OF SCIENCE
in
PHYSICS

by
DIVYAA SHREE R
Roll No. : 176PH012

under the guidance of
Dr. DEEPAK VAID
Assistant Professor, Dept. of Physics, NITK, Surathkal

DEPARTMENT OF PHYSICS
NATIONAL INSTITUTE OF TECHNOLOGY
KARNATAKA (NITK),
SURATHKAL, MANGALORE.

MAY 2019



DECLARATION

I hereby declare that the report of the postgraduate project work entitled “NEUTRINO
OSCILLATIONS AND A SPIN ONE HALF FERMIONIC FIELD WITH MASS DIMEN-
SION ONE” which is submitted to National Institute of Technology Karnataka, Surathkal,
in partial fulfillment of the requirements for the award of the degree of Master of Science
in the Department of Physics, is a bonafide report carried out by me. The material con-
tained in this report has not been submitted to any University or Institution for the award
of any degree. In keeping with the general practice in reporting scientific observations due
acknowledgement has been made whenever the work described is based on the findings of
other investigators.

Place :
Date :

DIVYAA SHREE R
Reg. No. : 176PHO012
Department of PHYSICS,
NITK, Surathkal.



CERTIFICATE

This is to certify that the project entitled “NEUTRINO OSCILLATIONS AND A
SPIN ONE HALF FERMIONIC FIELD WITH MASS DIMENSION ONE” is an
authenticated record of work carried out by DIVYAA SHREE R, Reg. No. : 176PH012
in partial fulfillment of the requirement for the award of the degree of Master of Science
in Physics which is submitted to Department of Physics, National Institute of Technology
Karnataka, Surathkal, during the period 2018-2019.

Internal Guide:

Dr. DEEPAK VAID
Assistant Professor,
Dept. of Physics,
NITK.

Chairman - DPGC

(Signature with date and seal)

i



ACKNOWLEDGEMENT

I would like to express my profound gratitude to my Project Supervisor Dr.Deepak
Vaid, Assistant Professor, Department of Physics, NITK for his constant guidance, encour-
agement and support. I would like to thank my classmates and the research scholars of the
physics department for their timely help and valuable points. I acknowledge the library and
internet facilities provided by the institute. I would also like to extend my heartfelt gratitude
to my family for their love and support.

Place :
Date :

DIVYAA SHREE R
Reg. No. : 176PH012
Department of PHYSICS,
NITK, Surathkal.

il



ABSTRACT

According to the Standard Model, which is considered to be the fundamental model
of Particle physics, the leptonic neutrinos are considered to be massless since the time they
were discovered. But the question of missing neutrinos in contrast to their abundant nature,
gave rise to the concept of neutrino oscillations. The conversion of neutrinos from one flavor
to another in mid-way of their travel causes their oscillations. The oscillation probabilities
of neutrinos in vacuum and in matter are discussed in detail. Further, the flavor-conversion
of neutrinos imply that they must have a particular mass whose lower limit is yet to be
determined. The see- saw mechanism which can account for the extremely low masses of
neutrinos has also been studied.

In 2004, an unexpected theoretical discovery of a spin one half matter field with mass
dimension one was reported. This quantum field is based on a complete set of eigenspinors of
the charge conjugation operator. It exhibits unusual properties under charge conjugation and
parity operation. Due to this reason, they belong to a Non-Standard Wigner Class(NSWC).
As a result, the theory also exhibits non-locality with (CPT)? = —I. Its dominant interaction
with known forms of matter is through Higgs and gravity. This allows us to contemplate it
as a first principle candidate for dark matter.

v
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Part 1

Neutrino Oscillations



Chapter 1

Introduction

In 2015, the Nobel Prize in Physics was awarded to Takaaki Kajita and Arthur B. McDonald
for the “Discovery of Neutrino Oscillations” by their respective teams. This discovery gave
us a new concept of flavour conversion of neutrinos and hence broke the myth that neutrinos
are massless. It has presented a compelling experimental evidence for the incompleteness of
the Standard Model of particle physics and has forced us to look into the related problems
like the nature of the neutrino, mass of the neutrinos and the possible charge-parity violation
among leptons.| ]

1.1 Early History of Neutrinos

It all started in 1914, when James Chadwick proposed that the S-spectrum from the radioac-
tive decay of an element was continuous i.e. the electron emitted from the same element had
different values of energy. This demonstration created a stir as it violated the fundamental
principle of conservation of energy. In 1930, W.Pauli proposed a hypothetical, weakly in-
teracting, spin- % fermion with a mass similar to that of proton as a solution to the puzzle
and named it neutron. However, E.Fermi thought that a much more massive particle dis-
covered by Chadwick could possibly bear that name and called Pauli’s elusive particle as a
neutrino| ]
The neutrinos were experimentally detected by F.Reines and C.L.Cowan Jr. through inverse
[-decay in a nuclear reactor. The Cowan - Reines reactions inspired from Pontecorvo’s idea
is given by,

Vo+p—n+et (1.1)

Further, detection of solar neutrinos was very important to verify the energy production
process in the Sun. About fifty years ago, Ray Davis started his pioneering experiments and
could finally detect only one-third of the neutrinos reaching the Earth from the Sun. The
contemplation about the missing neutrinos came to be known as the Solar neutrino puzzle.

In 1998, Japan’s Super Kamioka experiment discovered that neutrinos have masses and



Figure 1.1: Inverse [ - decay

gave a solution to the Atmospheric neutrino problem, which arised due to lesser detection of
cosmic ray- produced neutrinos than expected. Finally, the puzzle of missing solar neutrinos
was also resolved by the Sudbury Neutrino Observatory in 2002. The reason behind these

missing ghost particles was their oscillations.| ]

1.2 Scope and Objective

1.2.1 Scope

Neutrinos are important because the existence of their masses guarantee us of some
Physics beyond our Standard Model. There are many unsolved questions about neutrinos.
Scientists still are in the look out for new flavour of these particles and in studying their
mass hierarchy. There is a whole new class of neutrinos called the sterile neutrinos(neutrinos
with right-handed chirality) which is to be detected. These sterile neutrinos are expected to

explain some unxplained phenomena such as the dark matter and baryogenesis.

1.2.2 Objective

o To study the origin of the phenomenon of neutrino oscillations
e To study and analyse the phenomenon of neutrino oscillations in vacuum
o To study the phenomenon of neutrino oscillations in matter

o To understand the see-saw mechanism to account for the extremely low masses of

neutrinos.



Chapter 2

Neutrino oscillations in vaccuum

2.1 Introduction

According to the Standard Model, neutrinos are massless and chargeless particles. They
undergo only weak interactions. Neutrinos come in three flavours: electron neutrinos (v, ),
muon neutrinos (v,) and tau neutrinos (v, ). Each flavour is associated with a correspond-
ing antiparticle, called an antineutrino. However, it has been observed that neutrinos can
change their flavours during their travel. That is, a neutrino which was generated with a
certain flavour might end up having a different flavour after travelling some distance. This
phenomenon is called Neutrino Oscillations. Such flavour changes require that neutrino
flavours have different masses with significant mixing. This implies that neutrinos are not

massless and can participate in gravitational interactions as well.| ]

2.2 Leptonic Mixing

Let us assume that neutrinos have masses. Each flavor is supposed to have multiple mass
eigenstates, v;, where 1 = 1, 2, 3, etc., each with mass m;. Mixing may be described with the
observation that each of the three flavours of neutrinos can be expressed as a superposition
of mass eigenstates. To understand this experimentally, we consider the leptonic decay

W+ — v+ 1, (2.1)

where [, is a charged lepton of flavour o. Mixing implies that every time the above decay
produces a particular l,, the accompanying neutrino mass eigenstate is not the same v;, but
can be any v; even if the lepton has a fixed flavour. Thus, each v, is actually a superposition of
several eigenstates 1; ’s, of which, only one state can be discerned during a single observation.

Thus, we can write a flavour state |v,) in the form:

Vg) = Z Ui |1) (2.2)

5



The U,; 's may be written in a matrix form, called leptonic mixing matrix, assuming ¢+ =

1,2,3and o = e, i, 7.

Uel UeQ Ue?)
U — U/il U#Q ng (23)
UTl UTQ UT3

According to Standard Model, U is Unitary.
UUt=UU =1 (2.4)

Inverting (2.2),we get,

i) = > Usilva) (2.5)

The corresponding matrix is UT. Assuming there are 3 mass eigenstates, the Lagrangian can
be expressed in mass eigenstate (basis) terms as ,

mq 0 0 1241 141
,C =rvmr = |:V1 V9 Ijg:| 0 mo 0 Va| = |:171 Vo ljgi| MD 120) (26)
0 0 ms| |13 V3

L can also be expressed in flavor basis.

My My M3 Ve Ve
L - |:ﬁe VL V;:| Mgl M22 M23 vl = [ﬁe JM V;] M vy (27)
Mz, Msy Mss Vr Vr

Clearly, M would be diagonal if there was no mixing. Using (2.2) & (2.5) in (2.7) and

assuming M to be symmetric, we have,
Mp =U'MU (2.8)

From (2.2) and (2.5), it is clear that the flavor « fraction in v; & equivalently, mass-i fraction
in v, is |Ua,~|2. This gives the probability that the neutrino will have mass m; when a I, is
observed in the decay(2.1).

2.3 Detection of oscillation

Neutrinos participate in weak interactions and very weakly interact with gravity, owing
to their extremely small masses. This makes it difficult to detect them. But the charged
lepton produced alongside a neutrino can be easily detected and its flavor can be determined.
This, in turn, gives the flavor of the produced neutrino, say «. After travelling through a
pathlength L from the source, the neutrino reacts with the detector and produces a charged
lepton. Thus, we get the final flavor of the neutrino, say . If a # §,then the neutrino has
changed its flavor during the journey, which is a quantum mechanical effect (v, — vg).

6



2.4 Oscillation Probability

Since each v, is a superposition of v;’s, we have to individually add the contribution of each
v; to find the oscillation probability of flavour conversion, P(v, — vz). Hence, Amp(v, —
vg)will depend upon three factors:

Amplitude for y;

o When [, is produced at the source(U,;)
« To propagate from the source to the detector (Prop(v;))

« When /5 is detected at the detector(U;)
Amp(vy — vg) = Z Uai Prop(vi)Ug; (2.9)

To find Prop(v;):
In the rest frame of the neutrino, its state vector as a function of time 7 follows the
Schrodinger equation (in natural units)!,

0
ZE‘I/Z‘(T» =m; |vi(7)) (2.10)

whose solution is given by,
lvi(7)) = exp(—im;T) [v(0)) (2.11)

The amplitude of v; for 7y travel time is given by,
(vi(0)[vi(70)) = exp(—im;To) (2.12)
If 7; be the travel time of v; in rest frame,
Propres:(vi) = (v(0)|vi(73)) = exp(—im;7;) (2.13)

We need Prop(v;) in lab frame. So we do a Lorentz tranformation to find the corresponding
expression.The lab frame variables are:

« Distance between source and detector(L)
 Laboratory -frame time(t)
« Energy of mass eigenstate v;(F;)

o Momentum of mass eigenstate v;(p;)

I'Natural units, h =c=1



By Lorentz Invariance,

To eliminate p;, we use the relation

= (E>*—m?) ~ E — (2.15)
(Since m;> < E?) Using (2.13) & (2.14),
i mz’2

We have used the same E for different mass eigenstates. It can be justified as follows.

Suppose two different components v; & v;, have different energies E; & E;. By the time

—iE;t —iEjt

they reach the detector, they have phases of e and e respectively, where t is travel

time in lab frame. Thus, the detector detects an interference caused by two components

with a phase difference of e~ ##:i~—F)

¢ which vanishes for an average over time for i#j. Thus
only components with same energy are detected. The term E(t — L) is common to every

interfering mass eigenstate. Thus, considering only the i-dependent part,

m;?
P ;) = (_ '_’L) 2.1
rop(v;) = exp (—i 55 (2.17)
Finally,
m;2
Amp(ve — vp) Z Ui €xp ( ¥ L> Ug,i (2.18)
From (2.18),

P(vy — vg) = |Amp(v, — Vg)]z

(ZUmexp< - )Uﬁz) (ZUaJeXp L)UB])
= 5 Uity exp (i ms =)

* * * * . L 2
= > ULUnUailUfi + 3 UsiUiUagUs; exp (i5am?) (2.19)
i i#]
where
Am?, = (m;® —m;?) (2.20)

We derive the following quantity:
exp(tA) = cos A +isin A

A
— 1 — 2sin® 5 TisinA (2.21)



We shall expand (2.19) into four sums by using (2.21),

l/a—)lj/g

Z 2iUsUaiUs; + ) UniUsiUag U,
i
: 5 ‘o L
— 2 ; UaZUﬁzUa]Uﬁ] Sln <Am” E) + Z Z UﬁZUaJUﬁ] Sin <Amljﬁ>
= P+ P, — 2P +iPy (2.22)

We shall evaluate each part of (2.22),

Now,

L
2 2
P = ; aiUpiUa;Ug; sin <Amwﬁ>
i#]
« L o L
= Z U, UganJUﬁj sin < _E) Z UmUaJUﬁj sin (Amﬂ@)
>j 1<j
L
* 2
= ZU UpiUa;Ug; sin <Amwﬁ> Z UpiUaiUg; sin (Amwﬁ>
i>j i>j
L * * * *
= > sin? (Amd =) (UnUsiUa U, + Uz, Usi UaiU; )
i>j
L * * * * *
= > sin? (Amd ) (UnUnilaUs, + (UaUsiUas Us,)')
i>j
* * L
Py =2 R(ULUuU,U,) sin (Am”E) (2.23)
i>j
L
2
P, = ; UﬁzUagUgj sin (Ammﬁ>
. L , L
= ; UpaiUpiUa;Upg; sin ( —E> ; aiUpiUa;Ug; sin (Amﬂﬁ>

- Z UaiUpiUa;Ug; sin (Am ) Z 1 UsiUailUg; sin (Am%%)

i>7 i>7

= S sin (A ) [WntalosUy) — (Ul

9F

>]

L
= E in ( Am? —> 213Uy UpiUqiUp;
i>j Sln( z]2E (Z\S( ai B J B]))

=2y S(ULUsUUs,) sin (Am .i> (2.24)

Y2FE

(>



Then,
Pi+ Py=> (ULUsUailUf) + ;(U;iUﬁanjUEj)
i i#]
— Z Z UniUsiUaUg;
= Z(;&Um) Z(Uaa‘UEj)

=[S ’ (2.25)

Assuming 3 mass eigenstates, U and UT can be written as,

Uel UeQ UeS
U= |Un Us Uy (2.26)
UTl UTQ UT3

Ua Un Un
Ul = |Us Uy U (2.27)
Us Uus Un

From (2.4),
Zi UeiU:z' Zz UeiU;i Zz UeiU:i 100
UU = |3, U605 > UuUs S, UuUS | = [0 10 (2.28)
Zi UriUs; 21 UT%'U;@' Zz UriU7; 001
Thus,
1 ifa=
ZUMUEZ- _ ifa=p
- 0 ifa#p (2.29)
= §a5
where 9,4 is the Kronecker-delta function.
Putting (2.29) in (2.25),
P+ Py = dap (2.30)
Putting (2.23), (2.24) & (2.30) in (2.22),
L
* * c .2 2
P(Va = 1g) = bas — 4§%<UaiUﬁiUWUﬁj) sin? (Am? =)
i<j
L
* * : 2
+2 3 S(ULUsUas U] sin (Amijﬁ) (2.31)

i<j

10



2.5 Analysis

« To extend (2.31) to antineutrinos, we assume that CPT invariance holds true.Thus the

process U, — Vg is the CPT-mirror image of vg — v,
P(l/_a — V_g) = P(Vﬂ — Va)

Interchanging o and § in U},UpUa;Us; gives Uj,UaiUg;Up;,which is nothing but the
complex conjugate of Uy, UpUy;Us;. Thus in the expression of P(vg — v,), we simply

need to reverse the sign of the term containing (U, UsiUa;Uj;) in (2.31). Thus,

P(V_a — l]ﬂ) = P(V@ — Va)
L
* * c 2 2
1<]
L
* * . 2
-2 ; S[(UniUpiUa;Ug,)] sin (Amijﬁ)] (2.32)
o As the probability of neutrino flavour change is a sum of sinusoidal and sine-squared
functions, it necessarily oscillates with the value of % . Hence the term Neutrino
Oscillation is used.

o If all neutrinos were massless, then the mass squared difference,Am?j:O. This reduces
(2.31) and (2.32) to

which gives a zero probability of the event v, — vz for o # (. Hence,neutrinos
observed to undergo flavour changes in vacuum implies that they are not massless and

additionally, mass eigenstates are not degenerate.

o The entire calculation has been done for neutrinos travelling in vacuum. It is evident
that the oscillations of neutrinos do not arise from interactions with matter, but arise
from the time evolution of a neutrinos itself.

e Equation (2.31) and (2.32) contain the term Amg;, but do not contain the mass of
each mass eigenstate explicitly. Although, we can find out the squared-mass splitting

from neutrino oscillation experiments, we cannot find out the mass of each eigenstate.

 Suppose only two mass eigen states vy & v, were significant, with Am3, = Am?.
Correspondingly, the two flavour states are v, & v,. We expect a corresponding 2 x 2

matrix U to exist, which must be unitary and has one rotation angle. Thus,

Ua U :[0059 sm@] (2.33)

Un Uy

U p—
—sinf@ cosf

11



and consequently,

* *

Ue 1 Up,l
* *

U62 UMQ

Ut =

| cos f —sind
~ |sinf cos®
Using this in (2.31),

AU Up U1 Uy = —4sinf cos 6 cos 0 sin 0
= —sin® 26 (2.34)

Thus, from (2.31), for a # 3,

L L
.2 .2 2 - 2
P(vy — v3) = dup — (—sin” 26) sin (Amijﬁ> +2 x 0 x sin (Amijﬁ>
L
= sin® 26 sin’ (Am?jE> (2.35)

The second term vanishes for a real U matrix. So, P(v, — v3) is also given by (2.35).

12



Chapter 3

Neutrino Oscillations in matter

Experiments to study neutrinos often involve the ones which originate at the Earth’s surface,

travel several kms through the bulk material of the Earth and get detected by a detector.

Hence, it is very important to take the effects of matter into account. The interaction with

matter affects neutrino oscillations in two ways:

1. Interactions with matter cause the neutrino to change their flavour. But according to

the Standard Model, neutrino matter interactions are flavour conserving. This makes

us eliminate this possibility predicted by the Standard Model.

2. On interaction with ambient particles, neutrinos can undergo forward scattering which

will give rise to an extra interaction potential energy. There are two ways by which

this can happen:| ]

(a)

A neutrino of a particular flavour(v,) can exchange a W boson with it’s corre-
sponding charged lepton(l,) only. The charged lepton available in bulk on Earth
are the electrons and hence this effect is prominently observed in a v, and it’s
anti-particle, 7,. The corresponding interaction potential will be proportional
to the number density of electrons(N,) in the bulk matter and according to the
Standard Model, the potential will also be proportional to the Fermi coupling
constant(Gr). From the Standard Model, we have,| ]

+v2GrpN, fi .
Viy = V26 oy (3.1)
—V2GpN, for v,

According to the Standard Model, a neutrino of any flavour can exchange a Z bo-
son with an ambient electron, proton or neutron. The couplings of the Z-boson to
the electron and proton are equal and opposite. Since the bulk matter is electri-
cally neutral , the contributions of the electron and proton via Z-boson exchange

cancels out. Certainly, we end up having a flavour-independent potential, V; and

13



it will be proportional to the number of neutrons per unit volume, NN,,. From the
Standard Model, we have,

B —\/TEGFNn for v
Vz = (3.2)
—i-\/TiGFNn for v

Now, consider the Schrodinger equation in the lab-frame for a neutrino travelling through

matter:

.0
i lu(0) = HIu(0) (33)

where |v(t)) is the multi-component neutrino state vector with one component for each of

the neutrino flavours. For two neutrino flavours say, e and pu,

_[rw
(1)) = [m] (34)

where f,(t) is the amplitude of the neutrino having a particular flavour at a time t. Therefore,

H is a 2 X 2 matrix in v, — v, space.

3.1 Hamiltonian in Vacuum

Let us consider the case of two neutrinos in vacuum and find out the corresponding Hamiltonian(H.,q.).
In order to find the (o, 5) component of H,,., we use (2.2).

(Va| Hoac lvg) = <Z Uaii| Hoac |Z Ug;v;)
( J
- Z <Uaiyi| 7_[vac |U51Vz>
=Y ULUsiE; (vilw)

= ULUsi\/p* +m? (3.5)

In the third step, all terms with (v;| |v;) with ¢ # j vanish due to orthogonality.
Here, E; is the energy of the mass eigen state v;. Using (3.5) and the matrix in (2.33), we
evaluate each of the four terms in H,4.. We denote the terms as Hao, Hap, Hoa & Hps. Also,

14



we use the highly relativistic approximation /p? 4+ m; = (p + T;;) Firstly,
m2 2
Haa = COs 0<p+ —) + sin 9<p—|— @>
2p 2p
m? m2
= (cos? 0 + sin® )p + cos 6( >—|—sm 0< >
2p 2p
VAL 2 o (5
= p+cos 9<%> + (1 — cos 9)<%>
cos’0, ) 2
=g =)+ 5
2 2
m 2 my
—p— 04 —2
D 2w cos” 0 + %
e (2 Oy e AT
2p 4p 4p
_ _(200820 - I)Am2 et 2m2 — Am
4p 4p
2 2 2
= —cos 20 p+m1+m2
4p

Proceeding similarly for Hgg,

2

2
Hpp = sinzé(p+ ﬁ) + 00329<p+ %)
D

2p
2

m2
:p+msm 9+ 2 cos® 0
2p 2p

2 m3
—p+%(1 — cos?0) + % 2 cos

2 2

20

2

4p

Similarly,

Hop = Hpa
2

= —costm@(p—{— %) —i—sm@cos@(p

= (—cosfsinf + sinf cos f)p
2p

) Am?

= sin 2«9( 1p )

15

m3 —mf)(l%—cos%)

Am m? +m3
) gy R

n mQ)
2p

sinfcosf, , 9

(my —m7)

(3.6)



Thus, from (3.6), (3.7) and (3.8), we get

Am?

Hvac = 4])

3.9
sin260  cos 20 4p 01 (3:9)

~cos20 sin29] . (p+ m%+m§> [1 o]

As only the relative phases of the interfering contributions matter and consequently, only the
relative energies matter, we can freely subtract a multiple of the identity matrix from H 4.
This does not affect the differences between the eigen values of H. For a highly relativistic
neutrino, p ~ E. Thus, (3.9) becomes,

Am?

Pooe =S4

1
sin260  cos26 (3.10)

—cos26 sin 26]

3.2 Hamiltonian in Matter

In order to construct the Hamiltonian in matter(#,,), two more factors(as discussed in the
beginning) are considered along with H,q..

0

= Tlyac Wi
Hy =H +WOO

+Vz

10
. 1] (3.11)

The Vi term affects only v.’s. Therefore, the upper left term corresponding to them is
non-vanishing. The V, term affects neutrinos of all flavours. Therefore, a diagonal identity

matrix is required. We can conveniently add or subtract the multiple of the identity matrix.

1 0
HM = Hvac + VW 0 1] (312)
From (3.10),
Am? [—cos20 sin20 Vw O
Hy = .
4F sin26  cos 26 0 —Vw
Am2 = ( cos 260 — A:@VZ//EE) sin 26
- 4E ] sin 20 (cos 20 — A‘;V‘QZE)
_ Am? -—(co.s 20 — 1) sin 26 (3.13)
AE sin 26 (cos20 — x)
Here,

o Vw/2 2v2GpN.E
 Am?/4E - Am?

(3.14)
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For simplicity, we can write (3.13) similar to (3.10). This can be done if we find X such that,
cos 20y = (cos26 — x) X
sin 20y, = (sin20)X

Am2
Am3, = ;?
Solving the above equations,
in? 260

in? 20, = o 3.15
LY/ (cos 20 — x)? (8.15)
Am3, = AmQ\/sin2 0 + (cos26 — x)? (3.16)

Thus, using (3.15) and (3.16) in (3.13),

Am?2, | —cos20, sin20y,

Hy = ——1 3.17
M 4F sin 20,  cos 20 ( )

Hence, Hj; is similar to Hyqe when Am? & 0 are replaced by Am?2, & 0); respectively.
However, the effect values of Am? & 6 vary from that of vacuum in matter.
3.3 Oescillation probability in matter

For two neutrino case(from (2.2) and (2.33)),

|Ve) = |11) cos Oy + |v2) sin By,

V) = — 1) sin O + |v2) cos Oy (3.18)
The eigen values of H s from (3.17) are,
Am? Am?
A==, =-——M 1
T oap 0 AE (3.19)

Thus, solving (3.3) with |v(7 = 0)) = |v.) and using (3.18) & (3.19),
2 2

B Amy, Amg, N
|v(t)) = |1) exp ( ~ip t) cos Oy + |va) exp (2 1B t) sin 6y

The probability that v(t) is detected as v,

Py (ve = v) = [{vuv(D)

. Am? Am? . 2
= —81n9MeXp(—z 4EMt)COSQM+COSQMeXp<z 4EMt>s1n9M‘
Am? Am? 2
= sin@Mcosé’M<eXp (z Zln;Mt>—exp<—i ZZ;Mt)>>)
Am?
— | sin 6y cos 8 (2" Mt)‘
sin 07 cos O | 24 sin 1E

AmﬂL)
4E

= gin? 26, sin? (

(3.20)



In the last step, we have replaced t with L as we have considered the highly relativistic case.
Hence, the oscillation probability is similar to that of vacuum except for, Am? & 6 replaced
by Am?2, & 0y respectively in matter.
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Figure 3.1: With L=1000 km,Am7; = 2.4 x 107%e¢V? at § = 45°

3.4 Discussion

o The quantity x defined by (3.14) shows the significant effects of matter on neutrino
oscillations. x is proportional to E and this implies that high energy neutrinos are
greatly affected by their path via matter.

o Consider a special case where § is very small and 2 ~ cos 2. From (3.15), sin® 20, = 1,
its maximum value. Thus, matter in the path of neutrinos causes a drastic amplifica-
tion of mixing angle. This is called the Mikheyev-Smirnov-Wolfenstein effect(MSW)
resonance effect.

 x will have an opposite sign to it in the case of anti-neutrinos. From (3.15) & (3.16),
we find that the values of Am3, and 6, will not be the same for neutrinos and anti-
neutrinos. With the difference in these values, we can differentiate between a neutrino

and an anti-neutrino.
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Chapter 4

See-saw mechanism

In comparison to electrons and quarks whose masses are closely related, neutrinos have
very low masses which makes them unusual. In general, particles get their mass via Higg’s
mechanism i.e. their masses depend upon their coupling to the Higg’s field. If the coupling
were zero, it gives rise to zero mass or else it can result in masses of the order of Higgs or
even GUT. Let us consider a possibility that two types of neutrinos exist after symmetry

breaking| |. Having a zero mass or a very large mass of the symmetry breaking scale.

4.1 Math behind the mechanism

Consider a real, 2-D space with matrix(tensor) expressed in one set of orthonormal basis

o o
M= [0 100] (4.1)

vectors for that space,

Now, let us consider a new set of basis vectors rotated by an angle of ¢ from the original set

. Then, there is a change in the components of the matrix which is given by,

M= cos¢p sing| [0 0 cos¢ —sing¢
| —sing cos¢| [0 100| |sing cos¢

M= 109 sin¢ 100 sinqb(zzos¢ (4.2)
100 sin ¢ cos ¢ 100 cos” ¢
If ¢ is very small(say, 2°),then cos ¢ = 0.99939 and sin ¢ = 0.03490.Thus,
0.122 3.488
- (4.3)
3.488 99.878

We note that the lower right term is approximately the same as the original term and the
upper left term is about 3 orders of magnitude smaller than the lower right term. The off
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-diagonal terms equal the Geometric Mean(G.M.) of the diagonal terms (1/(99.878)(0.122) =
3.488). The off- diagonal terms are also significantly smaller than the lower right term but
are not as small as the upper left term.Here, we have taken a matrix of form (4.1) and arrived
at a matrix of form (4.3) by rotating it through a small angle.

4.2 Dirac and Majorana Mass terms in the Lagrangian

By theory, two distinct types of neutrino masses are allowed in the Lagrangian of Electroweak
interactions : The Dirac and Majorana mass terms. Dirac particles have their own correspond-
ing anti-particle whereas Majorana particles act as their own anti-particles. However, the
two distinct mass terms do not imply anything about the nature of particles associated.
As of now, we assume that both Dirac and Majorana mass terms contain only Dirac type
particles.

In basic Quantum Field Theory, Dirac mass terms are given by,

— mD(ﬂLVR + DRVL) (44)
and Majorana mass terms are given by,

1 1
- §mﬁ4(ﬂLVE + vivL) — —§mﬁ(1731/§ + URVR) (4.5)

Here, L & R designate left and right handed chirality and c represents charge conjugation.
So,

o vy, destroys a LH chiral v & creates a RH chiral ©
o vy, creates a LH chiral v & destroys a RH chiral ©
o 1§ destroys a LH chiral v & creates a RH chiral v

o v§ creates a LH chiral v & destroys a RH chiral v

)

and for R subscript L and R are interchanged everywhere above. Charge conjugating a
field has the same effect on a particle/anti -particle and creation /destruction as an overbar,
which is effectively a complex conjugate transpose .

The first term in (4.4) destroys a RH particle and creates a LH one.Here, the weak (chiral)
charge is not conserved as LH v has +% weak charge whereas the RH v has zero weak charge.
But the Lepton number is conserved, as we started with a neutrino and ended up with a
neutrino.

The first term in (4.5) creates two LH vs and also does not conserve weak charge. It also
does not conserve lepton number as we started with zero neutrinos and ended up with two
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neutrinos.

The charge conjugation operator can be expressed as ,

Ve = COv = ryv* (4.6)

ve =1v1C =it

Writing (4.4) & (4.5) in terms of mass matrix,

1 c
Emassterms = -3 |:DL 17]%} M YL + h.c (48)
2 Vg
h.c — Hermitian Conjugate of the prior term with
mﬁ/l mp
M = R (4.9)

This equation is just the v- space analog of matrix (4.3). Equation (4.8) can be rewritten as

)

Lonassierms = —% AR [”5] —% e M [ZL] (4.10)

4.3 See-sawing

Suppose the Higg’s or GUT breaking symmetry only gave Majorana masses to the neutrinos
which means coupling was not done in a way that led to Dirac mass terms. Then, the mass
matrix would be diagonal unlike (4.9).

M= [m” O] (4.11)

Our Lagrangian mass terms would look like,

v

vl e (4.12)

Lonassterms = —= [a N} M

where we have represented the fields directly coupled to the Higg’s field by [y N ] T. That
is , v & N are mass eigen states for our neutrinos. The weak eigen states of (4.8), which are
linear superpositions of v & N interact directly via weak force and represent what we detect
in weak interaction experiments.

Finding (4.11) from (4.9), is just an eigen value problem with m, & M as eigen values. This
makes us think of two different but equivalent fields:

1. A mix of Majorana and Dirac mass terms in (4.8)
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2. Pure Majorana mass terms as in (4.11), whose associated fields are represented by the
T
column vector. [1/ N }

T T
Finding |:V N ] from [z/z VR] can be thought of as rotating our basis vectors in an

abstract space, until there is an alignment which gives the fields vector the components
T

v N| . We want to know why the neutrinos have such low mass in comparison to other
particles. This reason makes us put forward that the field components of the vector in (4.12)
are directly coupled to the Higgs field. It works best if the mass m, = 0, which means that
there is Higgs coupling only for the N field and not the v field. Now, (4.11) has become the
analog of (4.1). If m, # 0 and m, < M, we would still have the question as to why one
mass is much smaller than the other. Zero Higgs coupling is easier to explain as compared
to extremely small coupling.

4.4 Analysis

From (4.9) & (4.11), we get the mass hierarchy
M =~mb > mp>mi ~0 (4.13)
Also,
m3% = mimk, (4.14)

For a given value of mp, a higher value of m%, means a lower value of m%, and vice-versa
and this is why we call it the See-Saw Mechanism. The characteristic equation for the eigen

value problem of (4.9) is given by,
IM—=XI|=0

m% mp A O 0
mp mk, 0 |
mi — X mp ~0

mp  mh— A\
(m% — N (m%, —\) —m% =0 (4.15)
2N — (mby +mEIN+miml —m3 =0
Solving the above quadratic equation, we get

1 1
Ma = (mky+mi}) £ 2y (mky +mfl)? = dmbmly - md) (416)

For A\; = m, = 0, we must have the (—) sign in(4.16), then we get an expression similar to
that of (4.14). Similarly, we have the plus sign for Ay and using \;, we get

mimi, = mh (4.17)
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Ao = M =mb%, +mb, (4.18)

T
Now, let the eigen vector N for Ay be expressed in the [z/z VR] basis. From (4.8) & (4.9)
and with the eigen value Ay, we get

(mir — (mi; +my))vi +mpre =0
mpv§ + (m% — (m¥, +mk))vg =0 (4.19)
This yields,
mp
Vi = —Ug (4.20)
L mf\}
and as an eigen vector,
mp
N = [mﬁ R] (4.21)
VR

The top component of the N matrix represents v/{ in terms of vz. Thus, N is a superposition

of two fields. Including the hermitian conjugate part of (4.8) which was so far ignored , we

have
m
N = (vg + ) + —=(vp + V%) (4.22)
My
Similarly,
m
v=(vp + ) — —(vg + V5) (4.23)
My

Assuming m¥%, > mp, from (4.18) & (4.14), we can say that N is entirely composed of vg
& vg. It is very heavy and effectively sterile. Conversely, vp is said to be entirely composed
of N. Similarly, v is entirely composed of v, & v§. Conversely, v, is almost composed of
weightless v. From (4.17), we get that higher the value of m{;, lower is the value of m%, and
vice versa. Thus , the name See -saw mechanism. From (4.22) & (4.23), for greater value of
mi, the more vg — N & v, — v.

On the other hand, when m%, & m%, are given , their geometric mean (mp) will be closer
to the lower of the given masses.If m{, = 100, m%, = 1, then mp = 10. Also, if m¥, > mp,
from (4.17), we get m¥; = 0. From (4.18), we have m%, = M. Thus, we have same the mass
hierarchy as in the quick analysis method.

The Assumption m%, > mp If we start with mass matrix (4.11), with one of the fields
with no coupling, then we get

- 0 0
M = 4.24
b (120
T _
and when a slight rotation is done in 2-D space of [V N ] , we end up in a matrix M =

m
[ OV M] with mf;, > mp. If the see-saw mechanism exists, then we have both type mass
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terms of (4.4) and (4.5), and with
M =~ mb, > mp >mi =0 (4.25)

and for which we could have, in one scenario, Dirac neutrinos represented by v, and vy if only
Dirac neutrinos exist. Alternatively, we could instead have Majorana neutrinos represented
by those symbols. In either case, our interaction terms would include the symbols v and
Vg, along with intermediate vector boson fields. In cases where mp is much larger than m%,,
the mp mass term does not play a role in the theory at the energy levels of the present day.
Thus, we effectively see the neutrinos as having mass m%,(The mass of Majorana mass terms

in L), be they Dirac or Majorana neutrinos.
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Part 11

A spin one half fermionic field with
mass dimension one
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Chapter 5

Introduction

The era of local Quantum Field Theories started in the beginning of the twentieth century.
It is a single theory that combines quantum mechanics, special relativity and classical field
theory. The advent of this theory has helped us to build a successful Standard Model(SM)
for particle physics. The success of SM lies in the unification of the four fundamental forces
of nature: Electromagnetic, strong nuclear, weak nuclear and gravity. The Standard Model
is currently able to explain all other forces except gravity. The study of gravitational force
in the quantum realm is still an active area of research. Thus, quantum gravity induces
non-locality.

Visible matter constitutes less than 5% of the entire matter in the universe. The rest of
the universe is said to be constituted by hypothetical dark matter and dark energy. Dark
matter occupies 27% and dark energy constitutes the remaining 68% roughly. It is a popular
conjecture that dark matter can be realized via the study of quantum gravity. The study
of Non-Standard Wigner Classes(NSWC) helps us in this pursuit. For a Standard Wigner
Class, parity and charge conjugation commute for bosons and anti commute for fermions.
This holds true for all the particles that have found a place in the Standard Model. Any
theory which deviates this has to be non-local. In this work, we focus only on spin one half
fermions which deviate the classical framework of Wigner.

What are Fermions? The word fermion was coined by the English theoretical physicist,
Paul Dirac. Dirac had coined the word after the great Italian Physicist Enrico Fermi. In
general, Fermions are particles that abide the Fermi-Dirac Statistics. These are paricles
possessing half-integer spin and obey the Pauli’s exclusion principle. The Pauli’s exclusion
principle states that no two particles can occupy the same quantum state. The class of
fermions includes leptons, quarks and composite particles which include proton and neutron.

These fermions have an anti-symmetric wave function.
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Fermions can be classified into three types:
o Dirac fermions
o Weyl fermions
o Majorana fermions

Dirac fermions are massive fermions whereas Weyl fermions are massless fermions. The Dirac
fermions can be expressed as a combination of two Weyl fermions. Lastly, the Majorana

fermions constitute particles which act as their own anti particle(as discussed earlier).

Most of the fermions in the Standard Model are proven to belong to the Dirac type. So
far, the Dirac equation was used to describe fermionic fields. In this work, we focus only
on spin one half fermions which is said to deviate this property. Also, fermions described
by the Dirac field are found to have a mass dimension of 3/2. In this work, we deal with a

surprising mismatch of the mass dimension.

5.1 Scope and objective

5.1.1 Scope

Mass dimension one fermions is a flourishing domain of research in theoretical physics. They

are actively studied due to potential to be candidates of dark matter.

5.1.2 Objective

o To study the group theory pertaining to high energy physics.

o To recall the implications of the fundamental Klein-Gordon and Dirac equations of

quantum mechanics.
e To construct a quantum field with Elko as its expansion co-efficients.
o To derive the orthonormality and completeness relations of the Elko field.

o To study the behaviour of Elko under CPT and also its physical properties.
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Chapter 6

Preliminaries

6.1 Relativistic notation

Consider two events in space-time, (z,vy, z,t) and (x + dz,y + dy, z + dz,t + dt). Let ds be
the interval between two points in space-time. ds must be the same for all inertial observers
d.e, it must be invariant under Lorentz transformations and rotations. Thus, it is given

byl ]
ds* = 2dt* — (da* + dy* + d2°) (6.1)

Unlike 3-D space, this invariant interval is not positive definite. We therefore define

ot = (2° 2, 2? 2%) = (ct,x,y, 2) (6.2)

x, = (2o, 21, T2, x3) = (ct, —x, —y, —2) (6.3)

A four-vector with upper index like z#, is called a contravariant vector and a four vector
like x, with lower index, is called a covariant vector. Taking the inner product of the
contravariant and covariant vector, we get an invariant(scalar).

Summation convention: An index appearing once in an upper and once in a lower position
is automatically summed from 0 to 3.This is used to simplify the notation.

The relation between any contravariant and covariant vector is given by introducing the

metric tensor g, .
_ v _ 0 1 2 3 6.4
Ty = Gul = Guol + g1 + gu2% + gu3zl ( . )

From (6.3) and (6.4), g, can be written as a diagonal matrix as follows,

1 0 0 0
0 -1 0 0
L= 6.5
00 0 -1



Also,
Guv = g;w (66)

where ¢g"” is the inverse of g,,.

d’Alembertian Operator, [ :
In particle physics, c=1 and (6.1) becomes
ds* = dat'dzr, = di* — (do® + dy* + d2?) (6.7)

The differential operator is given by,

8 =o&=(18.2.8.£)
So, we get
10
2= (o) &8)
Similarly,
10
v (22
9 <cat’ v) (6.9)
where 52 52 e
v? (6.10)

~ o2 T of o7

From (6.8) and (6.9), we get the Lorentz invariant second-order differential operator,
1 0? 0? 0? 0? 1 0?
O=0") = —— | 4+ 2 4+ 7 | = |22 —v2 6.11
e ot <8x2 * oy? * 8z2> <c2 ot? (6.11)
Energy-Momentum 4-vector
The energy-momentum four-vector of a particle is given by,
r=(% »p). n-=(% -») (6.12)
The energy-momentum dispersion relation is given by,
E? = p? + m?c* = p* + m? (Here, ¢=1) (6.13)
We derive the invariant as follows,
EZ

P’ =php, = 2 TP P= m? (from (6.13)) (6.14)
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6.2 The Klein-Gordon Equation

According to the quantum theory, the differential operators for E and p are given by,| ]
o, .

E — zha; p — —ihV (6.15)

Here, we arrive at an equation for a spin-zero or spinless particle. It is also called a scalar

particle. Since it has no spin, it has only one component which we denote by ¢. We obtain
the wave equation by substituting the differential operators for E and p in (6.14).

1 02 ) m?2c?
(Eﬁ—v>¢+ 2 ¢»=0 (6.16)
With h=c¢ =1, we get,
(O+m*)e=0 (6.17)

This is known as the Klein-Gordon equation. Substituting (6.15) into the non-relativistic
approximation to (6.14), F = % yields the free particle Schrodinger equation.
9¢

2p = —ih—— 1
Vi = —ih (6.18)

hZ
2m
Therefore, the Schrodinger equation is the non-relativistic approximation to the Klein-
Gordon equation. The Klein-Gordon equation suffers from two defects: the probability

density is not positive definite and negative energy states occur. This led to the formulation
of the Dirac equation.

6.3 The Dirac Equation

It is a first order equation that holds only for spin-half particles. It is derived from the
transformation properties of spinors under the Lorentz group.| ]

6.3.1 The Rotation Group

In general, spatial rotation is of the form
x

v | =(R) |y (or) r" = Rr (6.19)
z

R is a 3 x 3 orthogonal matrix called the Rotation matrix. Since rotations preserve distance,
we get

RTR=1 (6.20)
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These matrices form a group: if Ry and R, are orthogonal. So,
(RiRy)"R\Ry = RIRTR IR, = 1 (6.21)

This group is denoted by O(3). The matrices of rotation abot the x, y and z axes are given
by,

cosf sinf 0 1 0 0 cosy 0 —siny
R,(0)=|—sinf cosf 0]; R,(¢)=1]0 cos¢ sing|; R,(¥)= 0 1 0
0 0 1 0 —sing coso¢ sinyy 0 cosy
(6.22)

We note that,
Ry () R.(0) # R.(0) R (0) (6.23)
Hence, O(3) group is non-Abelian. It is a Lie group; a continous group with an infinite

number of elements, since the parameters of rotation(angles) take on a continuum of values.
Corresponding to the three parameters are three generators defined by,

0 —2 0
S _var@| [0
T de -
0=0 0 0 O
00 O
1dR,(9)
Jy = — =10 0 —i
1 do .
=0 0 ¢+ O
0 0 =2
1dR
Jy:fﬂ 0 00 (6.24)
i dy .
=0 —1 0 0

These are called the generators of rotation and they are hermitian. It can be verified that
Jpdy — JyJy = [Jp, Jy| = iJ, and cyclic permutations (6.25)

These relations are similar to the commutation relations for components of angular momen-
tum, with a missing factor of h. So, angular momentum operators are the generators of
rotation.

6.3.2 SU(2) group

The SU(2) group consists of 2 x 2 unitary matrices with unitary determinant.
UUt =1, det U =1 (6.26)
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Putting

U= (Z Z) (6.27)

the unitarity condition reads UT = U~!. Since det U = 1, we have

a* c* d b
(b* d*):<_c ) 623)

and hence a* = d, b* = —c.Then,
a b 9 9
U= I det U = |a|* + |b]* =1 (6.29)
—b* a

This is regarded as the tranformation matrix in a 2-D complex space with basic spinor
&

5 =
&

¢¢1 is a Hermitian matrix. Also, under SU(2)

E=Ug vl g - uget! (6.30)

0 —1
En (e €~ ()T where (= (1 . ) (6:31)
x
e An SU(2) Transformation on (?) =0(3) transformation on | y
? z
Hence, the correspondence between (6.22) and (6.29) is,
ia/2 0 cosa  sina 0
U= <60 _ia/2> < R=|—sina cosa 0 (6.32)
e
0 0 1

Pauli matrices are regarded as generators of transformation under SU(2) group. This corre-
spondence between SU(2) and O(3) implies that the groups have a similar structure, leading

to generators obeying similar commutation relations. Hence,
o
0:/2,0,/2] = i?and cyclic permutations (6.33)

The factor 1/2 indicates that the spinor rotates through half the angle that the vector rotates
through.
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6.3.3 The Lorentz Group

Consider two inertial frames moving with a relative speed, v along the common x axis. These

two inertial frames are connected by pure boost Lorentz transformations. The equations are,
e =@+ Bat); 2t =B’ +2t); ¥ =2? ¥ =P (6.34)

where, v = (1 — Z—;)_lﬂ;ﬁ =v/c;a" = ct;zt = x. Observing that 42 — 324% = 1, we put
v = cosh ¢; v = sinh ¢. Parametrising the transformation with tanh ¢ = v/c, we get

o’ cosh¢ sinh ¢

T 0 0 T
1/ : 1
x sinh¢ coshg 0 0 x
21| o 0 1 0/f]a? (6.35)
3 0 0 0 1/ \z3

The above transformation matrix is called the boost matrix B. The generator of this boost

matrix along the x axis is given by,

0100
10B 1000
= — 6.36
i06lo=— "0 0 0 0 (6:56)
0000
Similarly, the generators of boost along y and z axes are given by,
0000 0001
0000 0000
K,=—i o K, =—1 (6.37)
1 000 0000
0000 1 000

Also, by writing the generators of rotation in 4 x 4 matrix notation, we get the following

commutation relations,

K, K| = —iK, and cyclic perms; [J,, K] =0 etc; [J;, K, =1iK, and cyclic perms
(6.38)
The pure Lorentz transformations do not form a group.

Pauli spinors under Lorentz transformations To satisfy the above commutation re-

lations, we define
o
K= iiE (6.39)
There should be two types of spinor corresponding to two possible signs of K. The six
generators of the Lorentz group are combinely defined as,
1

A= %(J +iK); B=;(J-iK) (6.40)
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From (6.25) and (6.38), their commutation relations are given by,
[A;, Aj] = iAy;  [Bi,Bj] =1iBy; [A;,Bj] =0 (wherei,j, k=x,y, z) (6.41)

These relations show that both A and B generate a SU(2) group each and the two groups
commute. Then, the Lorentz group is nothing but SU(2)®SU(2) and are labelled by angular
momenta (j, j’), each element corresponding to each group.

From Lorentz transformation, there are 2 different types of 2-spinors as mentioned above.
Taking the parity transformation into account, it is no longer sufficient to consider 2-spinors

but a 4-spinor, 1.
) = <£> where £ and 7 are 2-spinors (6.42)
n

1 is an irreducible representation of the Lorentz group extended by parity. So far, we have
discussed a non-compact, finite-dimensional and non-unitary representation of the Lorentz

group.

6.3.4 Poincaré Group

This group is an inhomogeneous Lorentz group, consisting of Lorentz boosts and rotations,
and also translations in space and time. It was realised by Wigner that it is the fundamental
group for particle physics. Here,

§—or; N oL (6.43)
R and L stand for right and left respectively. Under Lorentz boost, we have

E4+m+¢-p

E+m+o-p _ B
(0); ¢r(p) = [2m(E~|—m)]1/2¢L(O) (6.44)

(B + )2 ’"

or(pP) =

When a particle is at rest, one cannot define as either as right- or left-handed, so ¢.(0) =

¢»r(0). With some algebraic steps, we get

-m  poto-p)\ (¢r(P)) _
<p0_a.p o )(MP))_O (6.9

The 4-spinor is defined as,
Y(p) = (¢R(p )) (6.46)

The Dirac matrices v* are given by,

() (07 e



Here, 1 =0,1,2,3 and 7 = 1,2,3. (6.45) becomes,

(Y'pu —m)(p) =0 (6.48)

This is the Dirac equation for massive spin-half particles. For massless particles, (6.45)
becomes

(po+o-p)oL(p) =0; (po—o0-p)or(p) =0 (6.49)

These are known as the Weyl equations, where ¢, and ¢r are Weyl spinors. For a massless
particle, py = |p| and (6.49) becomes,

o -POL = —¢r; O POr=Pr (6.50)

The quantity o - p is called helicity, which gives a measure of the spinor component along
the direction of momentum. Thus, Weyl spinors are eigenstates of helicity. ¢, has negative

helicity and ¢ has positive helicity. The Pauli matrices are given by,

g — 0161 + Ugég + 016A1 (651)

01 0 —1 1 0
R (N A
Finally,

For J = 0/2 and B = 0, we have the (1/2, 0) right-handed Weyl space where K = —io /2.
For J = 0/2 and A = 0, we have the (0, 1/2) left-handed Weyl space where K = io /2.

where,

6.4 Discrete Symmetries

In addition to the continuous Lorentz trnsformations, there are two other spacetime opera-

tions that are potential symmetries of the Lagrangian: parity and time reversal.| ]

Parity, P Parity sends (t, x)—(t, -x),reversing the handedness of space. The operator, P
should reverse the momentum of the particle without flipping its spin.

mirror

—o— (] —o—

«—pP—

Time Reversal, T Time reversal sends (t, x)—(-t, x), interchanging the forward and
backward lightcones.
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o = 0

Charge Conjugation This is the last of the three discrete symmetries defined to take a
fermion with a given spin orientation into an antifermion with the same spin orientation.

Under this operation, particles and antiparticles are interchanged.
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Chapter 7

Construction the Elko Field

7.1 Introduction

The Dirac equation carries the particle-antiparticle symmetry via the operator of charge
conjugation. In the Weyl space, the operator of charge conjugation is given by,] ]

0 i
€= (—@@ @)K Ty

K— Complex conjugates a spinor appearing on its right.
O = —iUQ (72)

© —Wigner’s spin half time reversal operator.
Also,
Olc/2]07! = —[0/2]* (7.3)

Using (6.52) in (7.2), we get,

(0 =1 0 -1
o0 )-( ) o
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The boost parameter, ¢ = ¢p in terms of energy E and momentum p = pp is given by,
cosh (¢) = F/m and sinh (¢) = p/m where m is the mass.
We know that,

0 =¢(p/p)

h
cosh <,0/2 ) ————— cos 5
h
smh cp/2 H)— cos 5
m

&
+
3

3

B* = |:COSh (¢/2) £ o - psinh (90/2)] (7.6)
Using the above three expressions in (7.6), we get
Bt _ E+m . P E—m
2m P 2m
E+m| E—
= tm l+o- P m
2m E?2—m2V E+m
E+m [ P
Bt = 1+ P 7.7
2m E+ma p ] (7.7)

7.2 Formal Structure of Elko

Elko is an acronym of the original German term Eigenspinoren des ladungskonjugationsop-
erators Elko spinors are nothing but the Eigen spinors of the charge conjugation operator.
If ¢ (p)transforms as a left handed spinor, then ((©)¢7 (p) transforms as a right handed
spinor. Here, ( is an unspecified phase factor. As a consequence, these spinors belong to the
(1/2,0) & (0,1/2) representation space.

_ [ (€®)¢1(p)
Mp)_( ¢1(p) ) (78)
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These Elko spinors have real eigen values if the the unspecified phase ( is restricted to =+1.

From (7.2), © = i0y and ©* = —ic}. So, we have

k *
0" = 0,0,

()

Also, for later use, we find,

ol =-6 (7.10)

i©¢7; (p) [From (7.9)]

(7.11)
When ¢ = +,

_ (¢Bdr(p)\
CA(p) = ( o1(0) ) = +A(p)

The plus sign yields self-conjugate eigenspinors, \*(p).

When ¢ = —1,
COPL(p
CA(p) = — 1P _ —A(p)
¢r(p)
The minus sign yields anti self-conjugate eigenspinors, A*(p). In general, we write,

CA(p) = £A(p) (7.12)
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7.3 The Helicity Eigenstates

To arrive at explicit expressions for the Elko spinors, we consider the rest frame(p =
0)and find its helicity eigenstates. We take p = (sinf cos ¢,sinfsin ¢, cosf). Let p; =
sin @ cos ¢, po = sin @ sin ¢, p3 = cosf. The helicity operator is given by,

O - P = 01D + 02p2 + O3D3

— (? é) p1+ (? —()z) D2 + (é _01> D3 [From (6.52)]

o-p= ( b3 D1 — sz) (7.13)

p1+ip2 —Ds
The characteristic equation is given by,
lo-p—A|=0
pPs—A  pL—ip
p1+ips —ps—A
—(p+p3+p3) + A =0

=0

— A==l
Now, we find the eigen vectors

1. When \ = +1,

(0-P)X = \X
D3 p1—ip2\ [T1 (=
b1 + Zp2 —P3 i) To
. 1— pg)z
P31 + (pl - Zpg)l'g =T = Ty = w
(p1 — ip2)

Take x1 = p; — ips, then x5 = 1 — p3. So,we get

T} _ P1— P2

Z3 I—ps
_ [sinfcos¢ — isinf cos ¢
B 1 —cosf

[ sinfe "
~ | 2sin?(0/2)

, oS e i9/2
1) = 2sin(0/2)e " ( N ) (7.14)
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2. When A\ = —1,

(o-p)Y =AY
D3 D1 — P2 n\__(n
p1+ip2 —Ds Y2 Y2
. —(p1 —ip
p3y1 + (p1 — ip2)ye = —y1 => Y1 = Myz
(1 - p3)

Take yo = 1 + p3, then y; = —(p1 — ip2). So,we get

ny _ [—m + 1po
Yo I+ ps

[ —sinfcos ¢ + isin(‘)cosgb)

1+ cosf
[ —sin Qe ¢
~ \2cos?(0/2)
» in(g/2)e="/?
— ocos(/2)e—e/2 S0l | 7.15
Ix2) cos(0/2)e <_ COS (9/2)€1¢/2 ( )
Finally, the helicity eigenstates with adopted phases include,
: 0/2)e""/?
£(0) = e [ | 7.16
¢L( ) \/Ee ( Sin (9/2)€l¢)/2 ( )
_ o, [ sin(0/2)e1/?
0) = 12 , 7.17
¢L( ) \/ﬁe <_ Cos (0/2)€Z¢/2 ( )

Here, vy,05 € R. We set v; = 0,0, = 0. These are the locality phase factors chosen to
remove the non-locality. Thus, (7.16) and (7.17) become,

_ cos(6/2)e~"/?
01(0) = Vm ( sin (6/2)e'?/? ) (7.18)

_ sin(6/2)e="¢/?
0) =+ : 7.19
¢ (0) m (— cos (6/2)e'*/? (7.19)
The eigenvalue equation can be written as,
AT ot
o - PloE(0)] = £4£(0) (7.20)
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Useful Identities
1.

oS e ie/2
(63(0))! (67(0)) = m (Cos(9/2)6i¢/2 sin (9/2)6—i¢/2> <sm<<99//22>)ei¢/2> —m (7.21)

Similarly,

sin e~19/2
(6£(0))'(67(0)) = m (cos(8/2)e2 sin 0/2)e1") (_C(ff(/sz)ew) ~0(722)

Calculations can be carried out for other possible combinations of the helicity eigen-

states. Finally, we can generalise the above identities as,

(62(0))'(¢7(0)) = mdag (7.23)
a and 3 are either + or —. Here, d,5 is a Kronecker-delta function.
2.
| | i 0/2)¢i%/2
(61(0))102(0£(0))" = m (cos(8/2)e™" sin (9/2)e~/) (0 02) (52?2/51‘i¢/z)
i —i¢/
oo s ee) (L)
=0 (7.24)
3.

7

1 COS e~ i0/2
= m (cos(8/2)e*? sin(6/2)e") (Z_Sm(é/ /22))ei , /2>

=1im (7.25)

n _ . a2 - o) (O —1 sin (6/2)e®/?
(61(0))'02(0;(0))* = m (cos(0/2)*/? sin (9/2)e~%") ( 0) (_cos((e//;)e—w/?)

A similar calculation can be done for other possible combinations of helicity eigenstates.
Generalising the above two relations, we get,

(¢1(0))To2(¢7,(0))" =0 (7.26)

(¢7.(0))'o2(6F (0))" = +im (7.27)
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7.4 Explicit Form of Elko

To construct the Elko spinors, we need to choose global phases for each of the helicity

eigen states,

¢1,(0) ¢1,(0)
. - * ) . + *
AA(0) = et L) ya(g) = i Z@[f)L(O)] (7.29)
¢, (0) ¢1,(0)
with &1,&,&3,& € R. Weset & =& =& = 0 and & = 7. In the above expressions,
we set ( = +1 for self-conjugate spinors and ( = —i for anti self-conjugate spinors.

Then, (7.28) and (7.29) become,
7 + * 7 - *
A(0) = ( Ol o) ) =X (0. X5(0) = ( o100 ) = AF.(0): (730

¢1,(0) ¢1,(0)
Ay _ [—1OlL(O)]) _ 14 Ay [l O] 14
The general expression for self-conjugate spinors is given by,
i0[¢7(0)]"
A (0) = ( a[;{(o) ] ) = +A{; 4, (0) (7.32)
The general expression for anti self-conjugate spinors is given by,
—iO[¢7(0)]*
M(0) =+ ( ! (Lo) ) = -5 (0) (7.33)
Generalising (7.32) and (7.33), we get,
O¢7(0)]*
A0 = << ey ) (7.34)

Boosted Spinor: We get the boosted spinors by using (7.7) and (7.34),
Ay (P) = BENL(0)

{+.+£} {F+£}
_ [E+m p .| (<Ol (0)]*
— o ﬂima-p]( qst(o) > (7.35)

Using (7.20) and (7.43) in (7.35), we get,

A E+m p
N (p) =/ 5 (1 T m> ML (0) (7.36)
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In the Massless Limit:

(a)
E+m P B /E+m_ P E+m-—p
2m (1 B E+m> N 2m \/Qm(E+m) B \/Qm(Eer) (7.37)

From (6.13), when m— 0, £ = p. So, (7.37) becomes,

5 E+m—p ! m

m—— = lim ————

m=0 \ om(E +m) m=0.\/2m(E + m)
1 m

lim —
ml£n>0\/§ E+m

=0 (7.38)

Thus, from (7.36) and (7.38), A(— 1} (p) identically vanishes in the massless limit.

(b)

E+m P E+m P
1+ = +
__E+m+p (7.39)
2m(E +m) '
From (6.13), when m— 0, £ = p. So, (7.39) becomes,
. E+m+p . 2E +m
lim ———— = lim ———
m=0 \ om(E +m) m=0./2m(E +m)
I /2 E n m
= |l1m _— B — S
m=0 \ m (E+m) 2(E+m)
I 2 1 n m 1
= lim ff
m—0 mE m 2K m
- Vit (%) Vit (%)
—im (1 ) [
oo\ 28 )\VmE TV 2E
iy L tmte 2 (7.40)



Thus, from(7.36) and (7.40), Ar; —1(p) does not vanish identically in the massless
limit.

Now, complex conjugating (7.20),

o - plog(0)]" = £[67(0)]" (7.41)

@_1_ O 1
S \=10

= 07! = —0. Also, from (7.3), we have O[c]©~! = —¢*. Using these expressions in
(7.41), we get,

From (7.4),

00~ - ple; (0)]" = F[oL (0)]"
—000 - plo; (0)]" = Floy (0)]*

(or)
60700 - (o7 (0)]" = F[¢7(0)]" (7.42)

Left multiplying both sides of (7.42) by © and moving © through p,
00~'a - pO[¢7(0)]* = FO[47(0)]"
o - pO¢7 (0)]" = FO[¢7 (0)]" (7.43)

It physically implies that ©[¢7(0)]* has opposite helicity to that of ¢7(0). Since o - p
commutes with B* and this result holds for all p.

Thus, Elko are not single helicity objects and they cannot be eigenspinors of the helicity
operator.
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Chapter 8

The Elko Dual Spinor and Properties

8.1 Defining the Elko Dual
The Elko dual is uniquely defined as,

1S/A L Th\S/A 7t
Mgy () = Fi [ AL L] (8.1)

With respect to the Dirac dual, the Elko dual has an imaginary bi-orthogonal norm.] ]

8.2 Bi-orthonormality Relations

1.

5 . i
)‘?fﬁ}(p))‘?fﬁ}(l)) =+ [A?Jr,—}(p)] 70/\f,7+}(p)

_i(E+m) <1_< p )2> (z’@m(on) (@ ﬂ) (z@wz(on*)
B 2m E+4+m ¢.,(0) 1 O $7(0)
8.2
ol 0 (0 1) (©l o)
oz0 ) \1 o)\ ot

—illo= totf T
(itozrye’ (o) (o +( )

= (~i((6z (0))")16'6£(0) + ({67 (0)])'iOl67 (0)
= (6 (O)]") 7567 (0 >+<[ < IRACACN >[From<7 10)
T
oo\ (o 1) fielzor) _ . o
(00 (0 3) (W) iy s
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Then,

Erm) (- () (E+m?—p?

2m E+m — 2m(E +m)
_E2—p2—|—m2+2mE
B 2m(E +m)

B 2m? + 2mE
~ 2m(E +m)

(E;nm) (1 - (Eim>2> =1 (8.4)

Substituting (8.3) and (8.4) in (8.2), we get,

[From(6.13)]

A PN () =2m (8.5)

— . .|.
A @A ) =+ 0] (p)

:@-(“m) <1+ p )2<z6[¢z<o>]*)*<@ 1) (z‘@wz(on*)
2m E+m ¢ (0) 1 O ¢.,(0)

(8.6)
)
i©p,(0)]) (O L)\ (O (O)) _/ .. _ (0)

( 52(0) ) (1 @)( 52(0) >‘<‘Z(W e’ (o)) <z@[¢>L<o )
= (—i([gz (0)]") 619, (0) L (0)])i6[¢; (0)])
= (([¢£ (0)]) o391 (0 )+([ ( ) oalr (0)])  [From(7.1(

;
;0\ (0 1) (OO _
(0r) (0 ) (9450) .
Substituting (8.7) in (8.6), we get,
5‘?—,+}<p))\{s+,—}(p> =0 (88)

MM 0) = =i )] AL ()
_ _Z,<E+m> (1 b )2 (z‘@[gbg(O)]*>T (@ IL) (z@[qsg(O)]*)
2m E+m ¢7(0) 1 0)\ ¢5(0)
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.
07 () (0 1Y (10O _ i (rom
( 47 (0) )( )( cn>‘0“’<”W (8.10)

Substituting (8.10) in (8.9), we get,

Mo (PIAG () =0 (8.11)

:_¢<E+m) (l_( p >2> (z‘@wzw)}*)*(@ ﬂ) (z‘@wz(on*)
2m, E+m ¢7.(0) 1 O ¢1,(0)

)
= —i(—i([¢1(0)])'0'¢; (0) + ([¢} (0)])"iO[6, (0)])
= —i(([¢7(0)]) o397 (0) + ([¢1 (0)]") o[ (0)]") [From(7.10)]
Ay (PG (p)=2m  [From(7.27)] (8.12)

Summarising the bi-orthonormality conditions for the self-conjugate spinors, we have,

5\{3_,+}(P))\f+,—}<p) =2m 5‘{5—,+}(p>>‘?+,—}(p) =0
Mo @G ) =0 5 AL (AT (p) =2m

Thus, the generalised orthonormal condition for self-conjugate spinors is given by,
5‘2(13))‘5’ (p) = +2m5aa’551 (813)

Similar exercise can be carried out to arrive at the bi-orthonormality conditions for
the anti self-conjugate spinors and the corresponding generalised orthonormal relation
is given by,

MP)ML(P) = —2mbawdar (8.14)

In label(8.13) and (8.14), a & o take values of either {—, +} or {4+, —} and I € {S, A}.
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8.3 Spin Sums and Completeness Relation

Spin Sums Here, a ranges over two possibilities: {—,+},{+, —}
Z X (p)AS (p) = /\?f,Jr}(p);‘f{gf,Jr}(P) + )\?+,7}<P)5\{S+,7}(p) (8.15)

The calculations are carried out in a step-wise manner as follows.

1.
Aff,+}(p)5‘{s—,+}(p) = i/\{sf,Jr}(p) [/\{S+,f}<P)]HO
- Z’(Ezlm) (1 -(z+ m)2) A O (0]
= iA{_ 1 (0)[A7, ,(0)]"/*  (From (8.4)) (8.16)
Firstly,

¢1,(0)
S GCAVIRCIRCAY
= (oo (67(0))) (8.17)
Substituting (8.17), we get
N B ()] = (@f(g;”) (6o (57(0))) (ff é)
2[¢7(0)]*(67(0))" 02[d7 (0)]* (01 (0)]*) o (8.18)
£(0)(¢1(0))! ¢1.(0)([¢1,(0)]) 1o '
Now, we calculate each of the elements in the matrix (8.18).
(a)
T e iy —sin?(0/2) sin(0/2) cos(0/2)e~®
0—2[¢L (0)} (¢L (O))T =m (sin(9/2) COS(@/Q)@M) _ COS2((9/2) ) (819)
(b)

261 ()] ([67(0)]) o = imn ( sin(60/2) cos(0/2)  isin®(8/2)e™ )

—icos?(0/2)e’  —isin(6/2)cos(0/2)
(8.20)
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(c)
67 (0)(¢7(0))' = m (Sinw/ 2) cos(0/2)  —cos®(6/2)e™? ) (8.21)

sin?(6/2)e*®  —sin(6/2) cos(0/2)
(d)
N OV o — —icos?(0/2) —isin(f/2) cos(0/2))e
¢ (0)([¢2(0)])'o (—isin(9/2) cos(0/2))ei —isin?(0/2) )

(8.22)

For convenience, we take (0/2) = x. Putting together (8.19), (8.20), (8.21) and (8.22)
in (8.18), (8.16) becomes

sin? z —sinzcosxre " —jsinxcosr —isin?xe
— sin x cos ze'? cos’ x i cos? e isin z cos x $93
m o 2 i 2 : —i¢ (8.23)
isin z cos i cos? re cos® sin x cos xe
i sin® re'® —jsinxcosx  sinxcosxe® sin?

XA (p) = —ix{, (@ ()]
:‘”(Eﬂyn)(1—(Ef5;f)AﬁrﬂmuiﬁﬂmFW

==X (0)[A], 4(0)]"y°  (From (8.4)) (8.24)

Firstly,
T
s _ (el o)
CCAVIRICINCAUN
(RO AN (8.25)

Substituting (8.17), we get

)\f+,_}(P)[>\{S—7+}(p 0_ (Z@ ¢L(()(; > ( ) oy (0))T> (? é)

_<@wa% goi‘@Wﬂ>HWHmﬁwﬁ (3.26)

(
¢1(0)(¢1(0)) ¢1(0)([¢7(0)]) o2

Now, we calculate each of the elements in the matrix (8.26).
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ool (O (6(0)! = im (Sm( cos?(0/2) smw/z)cos(e/z)e—w) 520

6/2) cos(0/2)e™® sin?(0/2)
(b)
—(OVT*([hF (O)1* _ [isin(0/2)cos(0/2)  —icos*(0/2)e”"?
701 O (01 (O] = Zm( isin(8/2)e®  —isin(6/2) cos(e/z))
(8.28)
()
_ n B sin(0/2) cos(6/2) sin?(0/2)e
PL(0)(#L(0)' =m ( —cos?(0/2)e  —sin(0/2) cos(0/2)> (8:29)
(d)
- +0)* — sin®(6/2) —sin(0/2) cos(0/2)e~"?
¢ (0)([¢7(0)]) oy = im (_ sin(6/2) cos(6/2)e cos2(6/2) )
(8.30)

For convenience, we take (0/2) = x. Putting together (8.27), (8.28), (8.29) and (8.30)
in (8.26), (8.24) becomes

cos’ x sinzcosxe ™  jsinzcosx —icos? e
sin x cos ze'? sin® x isin? ze'® —4sinx cosx <31
m P 2 —i¢ ) e —ig ( )
i sin x cos T i sin® re sin? sin  cos xe
i cos? xe'® isinzcosr  —sinxcosze’® cos? x

From (8.23) and (8.31), (8.15) becomes

_ 0 1 ie'd 0
(PN (p) = ,
Xa: (@) Aa(p) =m 0 —ie-i 1 0
iet® 0 0 1
1 000 0 0 0 —ie @
. 0100 o 0 0 ie'® 0
N 0010 0 —ie® 0 0
0001 ie'® 0 0 0
> Al(p)AS(p) = m[I+G(p)] (8.32)
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Similar calculations are carried out for anti self-conjugate spinors and the spin sum is found

to be,

> M(p)Ai(p) = —m[l - G(p)]

It is found that G is an odd function of p. So, G(p) = —G(—p).
Subtracting (8.33) from (8.32), we get

> EPA(p) — M(p)Mi(p)] = 2mlI

[0
Thus, the completeness relation is given by

3 DA R) ~ M)A P)] =T

It shows the necessity of the anti self-conjugate spinors.
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Chapter 9

Behaviour of Elko under CPT

9.1 Parity, P

The parity operator is given by, P = m~'4"p,. Elko spinors transform under parity as
follows,

B E+m
PAi(P) =m I’Vﬂpﬂ \/ 2m

p

-2 )

=1/ E;nm 1— 7 _]i - m | EyY +p <0‘©')]5 U©ﬁ> )\i(O) (From (6.47))
(9.1)
O o-p [ O o-p) [i®lpr(0)]
(o2 %07 2= (% 57) ()
_( ¢1(0)
— (Z@[WE(O)]*) (From (7.20) & (7.43))
_ (O 1) [e[s(0)
\r1 0 ¢1(0)
(a@ﬁ Udp) A1(0) =A% (0) (62
Also, we have the identity,
103 (0) = +iX5(0) (9.3)
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From (9.2) and (9.3), (9.1) becomes,

PAL(p) = E+m<1— P )ml(Eer)vOAi(O)

2m E+m
- J[E+m J% ~1 s
= 1-— FE A2 (0 4
iy 24 ( E+m>m (E+pX(0) (9.4
From (6.13), we simplify
p (E* = p*) + m(E + p)
1— )E _
( E+m (E+p) E+m
p
—m(1 ) .
m( e (9.5)

Using (9.5) and (7.36) in (9.4), we have,

PAL(p) = +iy/ E;T‘nm (1 + = j: m) A5(0) = +i)5 (p) (9.6)

By similar calculations,

PN (p) = —iA] (p) (9.7)
PAL(p) = —iA(p) (9.8)
PAY(p) = +ix}(p) (9.9)
Generalising,
PAL(p) = +idi(p) ;PAi(p) = Firi(p) (9.10)

Further, applying the parity operator twice, we get,

P2 (p)] = Pl£iXi(p)] = Mi(p) (9.11)
Similarly,

P2 AL(p)] = PIFirE(p)] = Mi(p) (9.12)
The above expressions imply that, P? = —I,. Here, I, is a 4 x 4 identity matrix.

o4



9.2 Time Reversal, T

I O
The time reversal operator is given by, 7 = i7°C. We know that, (@ H) .

I O

T =iy

CAL (")

(1 0
=ilg _g)N0)

_.(1 o (z’@wz(on*)

0 -I ¢1,(0)
i®l¢7 (0)]*
~¢1(0)
TAL(p") = iM2(p") (9.13)

=1

By similar calculations,
TAS (") = —iAt(p") (9.14)

TAL (") =X (p") (9.15)
TAL (") = —iNI (") (9.16)

The above expressions imply that 72 = —1I,.

9.3 Charge Conjugation, C and Parity, P
From (7.12) and (9.6), we have
CPA(p)] = +iC[A\2 (p)] = +iA% (p) (9.17)
and
PCIN (p)] = PIA; (p)] = +iA (p) (9.18)

Then, from (9.17) and (9.18), [C,P] = 0. Similar calculations can be carried out for the
other Elko spinors and find that the commutation relation is valid for all A(p).

9.4 Charge Conjugation, C and Time Reversal, T

CTN(p)] = C[+i)\2(p)] = —i\*(p) (9.19)
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and
TCNL(p)] = TIAL(p)] = iX4(p) (9.20)

Then, from (9.19) and (9.20), [C,7] = 0. Their commuting property can also be checked
with the other Elko spinors.

9.5 Parity, P and Time Reversal, T

PTIN(p)] = Pl+ir(p)] = X (p) (9.21)
and
TP (p)] = T[+iA% (p)] = AL (p) (9.22)

Then, from (9.21) and (9.22), [P, 7] = 0. This commutation relation can be found to be
valid for all A(p).

From the above analysis for Elko, [C,P] =0, [P,T] =0, [C, 7] = 0. This proves our claim
that Elko belongs to a NSWC. Also, Wigner’s expectation (CPT)? = —1I is confirmed and
reconcile with Weinberg’s observation due to Elko’s dual helicity nature.] ]
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Chapter 10

Physical Properties of Elko

10.1 The Field

An Elko-based quantum field is a spin one half matter field with mass dimension one. It has
well-defined CPT properties and can be defined as| ]

e M| 0)

o) = [ 5% WZ[%

The creation and annihilation operators, c/g(p) and cg(p) are expected to follow the below

anti-commutation relations,
{ca(p), e (P)} = 2)°8%(p — P')3ps (10.2)

{ch(p), ey (0)} = {cs(p), cor (')} = 0 (10.3)
Its Elko dual 5(z) is defined as,

Jeipuat | cﬁ(p)Xg‘(p)e—’W“] (10.4)

i(x) = / il \/QmTZ[

10.2 The Elko Propagator

The amplitude for a positive-energy self conjugate particle to propagate from x to z’ is
(s(2")|s(z)) The state |s(x)) contains one positive-energy self conjugate particle of mass m.
Therefore, the covariant amplitude is defined as,

Qonw =@ ( |n(@)(z)| ), weC (10.5)

Since fermionic amplitudes are anti-symmetric under exchange x <> ', the total covariant

amplitude is given by

@ |n@)n(@)| o —t) —w ( |a()n)| )0t —1t) (10.6)



On evaluating, we get

Qe = sz %: (68 —£) XS (p)AS (p)e ") —(t—t' ) A\ A (p)MA (p)eiPn ("]
(10.7)
From (8.32) and (8.33),
d3 gk ) o
Q:Hx/:w/(%r?’%nE ; (' =) (I+G(¢))e P =) L (t—1") (I-G () ) ePr " —=")]
(10.8)

Let p — —p in the second term and using (8.3),

—iE(p)(t' —t)+ip-(x' —x iE(p)([t'—t)+ip- (' —
Qusar = 2mE ; [H(t’—t)(]l—i—g(gb))e (P)(t'=t)+ip-( )+0(t—t’)(ﬂ+g(¢))e+ (P)('=t)+ip-(
(10.9)
The integral representation of the heaviside step function is given by,
dw eiw(t’ft) dw eiw(tft’)
ot —t) = li — ot —t') =1 — 10.10
( ) 0+ | omi w —ie’ ( ) oo+ | 2mi w —ie ( )

Inserting (10.10) into (10.9),

d3p 1 dw (]I + g(¢)) : ’ . ’ . / . ’

= —im i I [—< i(w—Ep)('—t) ip-(a/—a) | —i(w—E(p))(t'—1) ip-(x'—)

Qs et (2)° 2mE(p) / or L w—ie \° ‘ e ‘ )
(10.11)

In the first integral, w — py = —(w— E(p)) and in the second integral, w — py = (w— E(p)).

On substituting (10.11) becomes,

d*p 1 o I I
Qs = —iww lim —— e =) 90) 9(0) (10.12)
0+ ) (2r)* 2mE(p) E(p) —po —ic = E(p) + po — ie
Neglecting the terms of order €2, (10.12) becomes
d* ot I
Qaz—m" = /_Pile—zpum —) (koo i g((b) . (1013)
(27) pupt — m? + e
When there is no ¢ dependence,
d4p ; ’ I
;= —ipn(@t )y 10.14
Qe / (27T)4e [prup“ —m? + ie ( )

There is no preferred spacetime point. Integrating (10.14) over all possible x — z’ and setting
the result to unity,

=1 (10.15)

4
o)t [ Lo i
(27) PuPt — m= + 1€
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That is,

Taking € — 0 yields,
w = im? (10.17)
4
o / DD i o) ml (10.18)
(2m)? pup* — m? + ic
Therefore, the propagator for the new theory is,
SElko ! L 1 Q
FD (ZB ,ZU) - _W x—ax’
4
_ / D —ipu(an ) I (10.19)
(2m)* pup* —m? + i€

In the absence of a preferred direction, the Elko-propagator is identical to that of a scalar
Klein-Gordon field. It is this circumstance that endows the n(x) with mass dimension one.
For a massive field of Lorentz transformation type (A,B), the mass dimension of the field
is given by 1 + A + B. So, for field of types (1/2,0) and (0, 1/2), the mass dimensionality
has to be 3/2. But for the Elko field which also transforms as (1/2,0)&(0,1/2), the mass
dimensionality is 1 and not 3/2. The reason lies in the non-locality of the field.| ]

Alternate way of showing mass dimension mismatch In natural units(h = ¢ = 1),
Action becomes dimensionless. The action integral for Dirac field is given by]| ]

SDirac = /d‘%(g@y“ u¢ - mD(&qﬂ))

d*z has a dimension of L*, 9, has a dimension of L~!. Thus, the wavefunction must have a
dimension of L=3/2. As we know, length is inversely proportional to mass. Hence the Dirac
field has a mass dimension of 3/2. The action integral for Elko field is given by,

SElko = /d%(@w_\ﬁ“)\ - m2/\5\)

In a similar fashion, the Elko spinor is found to have a dimension of (1/L). And consequently,
the Elko field has mass dimension of one.
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Chapter 11
Summary

This project required some basics of quantum field theory and fundamental understanding of
the identity- agnostic neutrinos. A considerable amount of time has been spent in studying
the rich history behind the emergence of neutrino physics. The oscillation probabilities were
studied in detail through quantum mechanics. In the second semester, the construction,
behaviour under CPT and the physical properties of the Elko field have been worked out

with mathematics as the key.
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